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ABSTRACT 

The purpose of this dissertation Is to Investigate the character- 
istics of space-charge flows In crossed d-c electric and magnetic fields. 
The Investigations Include theoretical considerations of rectilinear 
laminar space-charge flow, analog and digital computer analyses of 
electron Injection systems and experimental studies of beam character- 
istics.  In general the results provide a better understanding of the 
operation of Injected-beam crossed-fleid devices. 

The performance of a crossed-fleld device Is optimum when the 
electron beam satisfies the conditions of rectilinear Brlllouln flow. 
For any given circuit voltage, beam current and magnetic field there Is 
a unique beam which satisfies the Brlllouln conditions. This leads to a 
theoretical limitation In the perveance and electronic efficiency. The 
analysis of various theoretical electron gun systems Indicates that the 
beam characteristics Invariably differ from the Ideal conditions. 

Digital and analog computer techniques have been used to deter- 
mine the space-charge flow produced by various electron Injection 
systems. The studies Indicate that the electron beam characteristics 
for various Kino gun configurations differ noticeably from the theoret- 
ical results. In particular, the emission from the cathode Is nonunlform 
and the beam nonlaminar. However, with appropriate electrode 
modifications it is possible to improve both the uniformity of the 
emission and the beam laminarity. 

The digital canputer analysis of Initial velocity effects 
Indicates that variations in the normal emission velocity component 
produce essentially no change in the electron motion. However, any 
change in the initial tangential velocity results in significantly 
different electron trajectories. 

The nonlaminar injection cf electron streams into the anode-sole 
region was investigated by means of the digital computer. The general 
results indicate that crossed-fleld space-charge flows are extremely 
sensitive to transverse forces. Consequently beams which are improperly 
injected are observed to undulate, vary in thickness and become 
increasingly nonlaminar. 

The experimental investigations were undertaken In an attempt to 
evaluate both the gross and microscopic characteristics of the 
space-charge flow. The experiments involved the use of an interception 
system to probe the beam at various cross-sections in the anode-sole 
region. Generally the beam experienced variations in thickness and 
undulated with approximately the cyclotron period. The space-charge 
densities at various points in the beam were found to be between 0.5 
and 1,5 times the Brlllouln value. The results also indicate that the 
space-charge flow in crossed-fleld devices is generally nonlamlnar with 
appreciable Intersecting of electron trajectories. 
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CHAPTER I.  IMTRODUCTION 

1.1 Preliminary Remarks 

The general class of electron tubes conmonly referred to as 

crossed-field devices Involves the motion of electrons through orthogonal 

electric and magnetic fields. These devices are Ideally suited for 

many microwave applications.  Figure 1.1 illustrates three crossed- 

field electrode configurations which have been investigated and used in 

the past. Figure 1.1a shows a cylindrical magnetron in which electrons 

are emitted from the entire cathode.  Figure 1.1b is essentially a 

linear version of the cylindrical device since it also involves the 

emission of electrons from tne entire low potential electrode.  It 

differs in the sense that the beam is not re-entrant as in the cylindrical 

magnetron. Figure 1.1c, however, involves the formation of a well 

defined beam from a relatively narrow cathode and, thus, is signifi- 

cantly different from the preceding devices. The first two classes 

involve the saturation of the cathode-anode space with a large number 

of electrons whereas the third device requires the injection of a strip 

type electron beam into a parallel plane anode-sole region.  The electrode 

beneath tne beam is referred to as the sole and that above the beam as 

tne anode.  It is the injected-beam family of devices which frrms the 

basis of this dissertation. 

One of the primary requirements for the successful operation of 

an injected-beam crossed-field device is tne establishment of a well 

defined laminar electron beam in the anode-sole region.  The great 

importance of tne space-charge flow characteristics can be demonstrated 

by considering the fundamental objective of the device.  Figure 1.2 
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r-ir 
(0)  CYLINDRICAL  MAGNETRON 

ANODE      <fio 

COLLECTOR 

-FIELD EMITTING  SOLE  DEVICE 
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(c)   CROSSED   FIELD   INJECTED-BEAM DEVICE 
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FIG    1.1    EXAMPI£S OF VARIOUS CROSSED-FTEID EIZCTRON 

DSVICE    CONFIGURATIONS. 
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illustrates a typical tube Including the slow-wave structure which is 

located adjacent to the anode. The structure is designed so that the 

applied r-f signal propagates in the z-direction with a velocity approxi- 

mately equal to the velocity of the electrons in the beam. Under these 

conditions the electrons remain in phase with the r-f signal and are 

able to exchange energy continuously with the wave. As the electrons 

lose energy to the wave they maintain the same z-component of velocity 

but move closer to the structure and hence to higher potentials.  Thus, 

the ener^ conversion mechanism is the transference of potential energy 

fron the beam to the r-f signal with little change in the electron ,. 

kinetic energy.  Since favorable electrons stay in phase with the wave 

until they strike the slow-wave structure, the efficiency of such devices 

should be quite high. 

The ideal electron beam for such a device is one in which all of 

the electrons have the same velocity as the r-f wave.  This velocity 

must also satisfy 

i   *  T? (i.i) 

which is the condition required for balance between the transverse 

electric and magnetic fields (E and B respectively) acting on the 

electron. However, for a uniform magnetic field it is impossible, even 

in theory, to have a finite thickness univelocity beam which is capable 

of linear motion in the anode-sole region.  (This assumes that the 

electrons are all emitted from a unipotential cathode.) Consequently, 

there must be a velocity variation across the beam.  Those electrons 

whose velocities arc less than the r-f wave phase velocity abstract 

energy from the wave and are detrimental to the interaction process. 
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Fortunately these electrons continuously move away from the structure 

until they are collected on the sole. 

Obviously tne characteristics of tne space-charge flow in the 

interaction region exert a great influence on the performance of a 

crossed-fieId device.  Since the electrons at a given cross section 

must have different velocities, the optimum beam is one in which the 

d-c electrons exhibit rectilinear laminar flow cnaractenzed by non- 

xntersecting trajectories. This is referred to as a rectilinear 

Brillouin beam1'2 in which case the space-charge density is constant 

and the electron velocity varies linearly across the beam. This 

velocity variation is required to provide a balance between the trans- 

verse electric and  magnetic forces acting on the individual particles. 

Various investigations3 have indicated that the Brillouin beam provides 

the optimum space-charge flow conditions for the operation of crossed- 

field amplifiers and oscillators.  Consequently, rectilinear laminar 

electron beams have usually been the objective in the design of 

crossed-field injection systems. 

As Indicated above, the successful operation of any crossed-field 

device requires an electron injection system which is capable of producing 

an acceptable beam.  In O-type devices an axial magnetic field can be 

applied to constrain the electrons within a reasonably small 

cross-sectional area.  In crossed-field devices there is no comparable 

constraint and any imperfection in the beam as it enters the interaction 

region will necessarily result in curvilinear motion of the electrons. 

The evaluation of crossed-field injected-beam devices requires a 

fundamental understanding of the formation of electron beams as well as 

a thorough knowledge of tneir d-c behavior.  Thus, it is necessary to 

consider the beam characteristics in both the gun region and in the 
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interaction space. Although there have been mapy investigations which 

are pertinent to the formation and behavior of electron beams in crossed- 

field devices, the following sections will describe only a few of the 

more important studies. 

1.2 Crossed-Field Electron Injection Systems 

1.2.1 Theoretical Gun Designs.  In recent years there have been 

numerous attempts to design electron injection systems capable of forming 

laminar beams.  One of the earliest investigations resulted in the French 

short gun or Charles gun*, illustrated in Fig. l.J. The design is based 

on the space-charge-free trajectory of an electron emitted from a 

cathode located in a parallel plane gun region. The electric field is 

assumed to be uniform in the gun region so that the electron follows 

a cycloidal path and reaches the exit plane at the apogee of its tra- 

jectory. The electric field in the interaction region is also considered 

to be uniform and twice as great as the gun region field. Thus, the 

electron should theoretically be capable of maintaining linear motion 

through the anode-sole region. 

Dain and Lewis5 have applied Ehrenfest*s principle of adiabatic 

invariance to the investigation of electron motion through crossed 

electric and magnetic fields.  In essence the adiabatic principle states 

that if a parameter which appears in the Hamiltonian of a conditionally 

periodic system changes slowly and continuously, the action variables 

remain invariant in the limit of cm infinitesimally slow change.  For 

the particular application to the electron guns this means that the 

behavior of the beam in the interaction region can be obtained without 

considering the details of the electron motion through the transition 

region provided the fields in this region vary sufficiently slowly. 
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Thua, by properly selecting the electric and «agnetic field values in 

the cathode and interaction regions it is possible to obtain a converged 

bean in the sense that the beam width is less than the cathode width. 

However, the flow is not that of a rectilinear Isalnsr beam, but rather, 

consists of electrons cycloiding between rectilinear boundaries. 

Bertram and Pease6 also applied the adiabatic principle to the 

design of an electron injection system. Their device was termed a "ramp 

gun" and is illustrated in Fig. l.U. The nomenclature results from the 

fact that the transition region is comprised of various overlapping ramp 

electrodes biased at intermediate potentials. The electron flow was 

assumed to be that of the single trajectory beam (not necessarily laminar) 

described by BriUouin1 and Slater2. Unlike the Dain and Lewis work, 

the effects of space charge were included in this analysis. The ramp 

electrode configurations were obtained by computing the cquipotentials 

outside of the beam region and placing the properly designed electrodes 

along these curves. 

The so-called Kino guns7 illustrated in Fig. 1.5a and 1.5b also 

were developed on the assumption of a single trajectory electron beam. 

The electrons are assvmed to leave the cathode in the normal direction 

and this component of current density (j ) is considered to remain 

constant throughout the space-charge flow. The electric field and 

electron velocity have no variation in the z-direction and the field is 

further restricted to have only a y-component. Under these conditions 

the beam is composed of identical electron trajectories. 

The appropriate electrode configurations for producing the assumed 

flow are obtained by utilising a method of complex variables derived 

independently by Kirstein6 and Lomax8. The method consists of trans- 

forming the problem to the complex plane and solving for the complex 
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potential function required to provide the proper voltage and electric 

field variation along the boundary of the beam in tne complex plane. 

The inverse transformation then gives the equipotentials outside of 

the beam in the y-z plane. Although the operation is complicated it 

can be performed on a digital computer.  In Fig. 1.5 one of these 

equipotentials has been selected as the focusing anode while the two 

zero potential curves beccane the cathode ramp electrodes. 

The Kino short gun is derived on the basis of space-charge-limited 

operation and zero emission velocity from the catnode.  One of the 

difficulties of tne short gun flow is the infinite space-charge density 

which occurs at the a) t = 2n point along a trajectory.  Another is the 

fact that the electron velocity vectors are nonparallel in any volume 

element of thickness Az, thus making it impossible to inject the beam 

into the anode-sole region in the desired manner. 

The Kino long gun configuration is obtained if the electrons are 

assumed to leave the cathode with a small initial y-component of velocity. 

The theoretical velocity variation and space-charge density in the beam 

are found to be closely related to the Brillouin values.  The major 

objection to this type of flow is the severe restriction that all the 

electrons leaving the cathode normal to the surface must do so with the 

same value of initial velocity. 

The magnetically shielded gun illustrated in Fig. 1.6 was developed 

by Hoch10. The electron beam is formed within the shielded gun and then 

injected into the magnetic field region. The beam leaves the shield 

with essentially a uniform velocity and travels through a transition 

region in which both the electric and magnetic fields vary. The electrons 

are then injected into the anode-sole region. The objective of the gun 
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is to converge the beam within the shield and taper B and E to maintain 

the same beam thickness through tne transition region. This differs from 

the usual crossed-field injection systems in which the orthogonal electric 

and magnetic fields are simultaneously used to converge the beam. 

The difficulty with the shielded gun is the fact that the 

electrons leave the shield with the same velocity but must reach the 

anode-sole entrance with a linear velocity variation across the beam. 

This requires the careful design of the electric and magnetic fields 

in the transition region so that the upper electrons are accelerated 

more than the lower ones.  At the same time the electrons must be 

restricted to linear motion along the z-direction with no transverse 

displacement. The design of a system capable of producing such a 

transition appears to be extremely difficult. 

Other types of ciossed-field electron injection systems have 

been developed but in general they are similar to those described 

above. The objective is always the same; the formation of a beam whose 

characteristics are nearly identical to Brillouin flow. Except for 

the shielded gun, these designs deal with electrons which are emitted 

from a unipotential cathode and are then rotated by approximately 90° 

before injection into the anode-sole region. Experimental investigations 

of various injection systems clearly demonstrate the difficulty associ- 

ated with the formation of laminar crossed-field electron beams. 

1.2.2 Previous Evaluations of Injection Systems. The Charles- 

type gun has been used extensively in the construction of crossed-field 

devices.  It is still employed frequently despite the fact that it cannot 

be used with a wide cathode.  This limitation is a direct consequence 

of the manner in which the gun is designed. That is, the design is 
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based on electrons leaving Just one point on the cathode. Thus, those 

electrons emitted from different locations along the cathode will enter 

the an ode-sole region In a n on laminar fashion. 

Daln and Lewis did not construct an adiabatlc gun and, hence, 

no experimental data is available. However, a beam tester model of 

the adiabatlc ramp gun of Bart ram and Pease was operated and evaluated. 

The electron beam was observed by introducing hydrogen into the system 

and noting the ionlzatlon pattern due to the collisions with the 

electrons.  The results indicated that the device generated essentially 

the predicted current, beam thickness and location. 

The Kino short gun was investigated by Midford11 and found to 

behave in many respects as predicted by the theory.  For example, the 

current and beam location were approximately as expected. However, 

investigation of the beam after leaving the gun indicated that the flow 

became nonlaminar. This can be attributed to the nonideal characteristics 

of the beam near the cu t = 2JC plane.  Furthermore, the emission from the 

cathode appeared to be quite nonuniform. In particular, photographs 

of the beam indicated suppressed emission from the rear of the cathode. 

Despite the apparent ideal nature of the space-charge flow in 

the Kino long gun, e.'periments11 have suggested undesirable character- 

istics.  In particular, extreme.y high noise figures and r-f instabilities 

have been observed12. This behavior is thought to be caused by the 

occurrence of diocotron interactions during the motion of the beam 

through the long transition region.  The existence of the diocotron 

effect is observed by the presence of extremely large sole currents even 

when the sole is at a negative potential relative to the catnode. These 

results suggest that the traversal of any long transition region at low 
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velocities will Increase the nonlaminarity  of the beam.    Thus,   it appears 

that any tube utilizing an adiabatic transition region will result  in 

high noise level operation. 

The shielded gun experiments  of Hoch  indicated 20 to ^0 percent 

interception of the beam within the shielded region.     Four different 

tubes were built and tested with the  investigations  indicating that 75 

to 95 percent of the current leaving the shield was capable of reaching 

the collector although the beam profile on  the collector suggested that 

the beam position between the plates was  somewhat different than that 

predicted.    However,  there was no way of determining the complete beam 

configuration throughout the interaction region. 

1.3    Previous Investigations of Crossed-Field Electron Beam 

Characteristics 

To the author's knowledge the generation of a Brillouin beam has 

never been achieved in practice.    It can,   in fact, be shown13 that it is 

impossible to achieve Brillouin flow even  in theory if the thermal- 

velocities of the electrons emitted from the cathode are taken into 

account.    Consequently,   in any practical device the space-charge  flow 

must necessarily be nonlaminar. 

Rectilinear laminar flow is a special case of the single  tra- 

jectory beam illustrated in Fig.   1.7«     In this  situation    the beam 

boundaries are rectilinear but the individual trajectories are cycloidal. 

It has been shown that  such a flow possesses  exactly the same potential 

distribution and current es the rectilinear laminar beam. 

Waters14 has  investigated theoretically the behavior of a beam 

which was subjected to small amplitude deviations  from the Brillouin 

flow conditions.     He developed a paraxial approach to the problem and 
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his results indicated scalloped beams whose thicknesses varied periodi- 

cally through the interaction region.  Figure 1.8 illustrates several 

types of beam undulations obtained from Waters' analysis. 

Midford11 has considered briefly the types of flow which result 

when the beam is injected improperly into the interaction region.  Figure 

1.9a and 1.9b illustrate two particular situations wherein the entire 

beam undulates but maintains a constant thickness.  The investigation 

involved a d-c small-signal analysis restricted to a thin beam but 

including the effects of space charge.  Midford concluded that under no 

condition was the beam subjected to growth or decay in space and, hence, 

it should not exhibit d-c transverse cyclotron instabilities.  This 

conclusion is in agreement with Pierce15 who predicted that planar 

crossed-field beams were not subject to d-c instabilities. The experi- 

mental works of Midford and Anderson indicated that the electron beams 

did undulate as they moved through the interaction region. 

One of the characteristics of crossed-field space-charge flows 

which has been subjected to a great deal of investigation is the 

diocotron phenomenon. As mentioned above, the diocotron effect refers 

to the collection of current on the sole even when t! at electrode is 

biased at a large negative potential relative to the cathode.  The effect, 

implies an appreciable energy increase by certain electrons during their 

O , a 
motion from the cathode to the sole. Astrom,L suggested that the process 

causing the energy increase occurred during the motion of the electrons 

through the anode-sole region and was essentially independent of the 

conditions near the cathode. 

Miller17 found that excess energy electrons were already present 

in the beam as it entered the anode-sole region thus indicating that the 

diocotron process was occurring even in the gun.  In general he operated 
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at extremely high magnetic fields so that the electrons performed a 

series of tight loops In the gun region.  The geometry was such that a 

low voltage region or potential well existed between the edge of the 

cathode and the sole.  Electrons were frequently "trapped" In this 

region and required long time Intervals before reaching the anode-sole 

region.  Consequently Miller concluded that the diocotron phenomenon 

resulted from the exchange of energy between electrons during their 

travel through a low voltage region such as the potential well. 

The experimental results of Midford11 indicated the existence 

of diocotron gain in the gun region even though no potential well 

existed. He concluded that the effect was due to instabilities associ- 

ated with the formation of the potential minimum near the cathode under 

space-charge-llmlted conditions.  Substantiating proof for this con- 

clusion was experimentally observed by Guenard and Huber18, and Epsztein 

and Malllart19.  In each investigation the sole current was observed 

to be greatly reduced when changing from space-charge-llmlted to 

temperature-limited operation. 

ffamecke, Huber, Guenard and Doehler^0 also encountered the 

diocotron phenomenon during their study of carcinotrons. They attributed 

the negative sole current to a growing-wave electron interaction process. 

Such a process would occur everywhere along the beam. 

Another characteristic of crossed-field devices is the situation 

in which the anode of a cylindrical magnetron continues to draw current 

even after the critical magnetic field has been exceeded.  This Indicates 

a process whereby certain electrons arrive at electrodes which in theory 

are impossible to reach.  Similarly, space charge is found to exist in 

regions of the magnetron where theoretically there should be no electrons. 
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Lindsay21 has suggested that the excess anode current is attribu- 

table to the presence of tangential initial velocities at the cathode; 

i.e., although the normal thermal velocities are not sufficient to 

explain the phenomenon, the presence of tangential emission velocities 

is capable of allowing an appreciable fraction of the current to reach 

the anode.  Horsley and Sims22 have devised a special planar diode 

geometry to test the Lindsay theory by accurately determining the cut- 

off curves. 

The presence of space charge outside of the theoretical Brillouin 

radius was predicted by Hok23 in a statistical analysis of magnetron 

operation.  Independent experimental investigations were carried out by 

Reverdin24 and Peterson25 in which the cathode-anode space was probed 

by means of an axially directed electron beam.  The beam parsed through 

the space-charge region and the pattern was displayed on a flourescent 

screen which indicated space charge present outside of the Brillouin 

limit. Mathias20, using a cesium flouride molecular beam, and 

Nedderman27, using helium and hydrogen probes, obtained results similar 

to the Reverdin and Peterson data. 

The investigations described above indicate quite clearly the 

many problems involved in crossed-field space-charge flows.  These 

problems involve the formation of well-defined electron beams and an 

understanding of the many streuige characteristics which have been observed 

in experimental crossed-field devices. 

1.^ Outline of the Investigations 

The preceding investigations were concerned with various aspects 

of the space-charge flow in crossed-field devices.  These include the 

study of theoretical electron guns, the experimental evaluation of 
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electron injection systems, and the general characteristics of electron 

beams in crossed-field regions.    The investigations which follow are 

intended to provide a better understanding of the electron beams formed 

by crossed-field injection systems.    To   do this it is necessary to 

treat the problem in its entirety beginning with the formation of the 

beam in the gun and continuing to the analysis of the electron flew 

characteristics in the anode-sole region. 

In Chapter II some of the theoretical space-charge flow limi- 

tations are discussed.    The analyses are concerned with the limitations 

of electron injection systems and the beam restrictions which exist 

in the interaction region. 

Chapter III describes the results of analog computer investi- 

gations of specific electron injection systems.    The Kino short gun is 

analyzed in detail and the effects of various electrode modifications 

are Indicated. 

Chapter IV involves similar gun studies carried out by digital 

computer methods.    The effects of initial velocities and potential 

minimum regions are also considered. 

The properties of beams  in the crossed-field interaction region 

are carried out in Chapter V.     Special emphasis  is given to the electron 

beam configurations which are possible in planar crossed-field regions. 

The result of improper injection of the beam into the anode-sole    region 

is also discussed. 

Chapter VI describes the experimental beam analyzer equipment 

which was designed to allow analysis of electron beam characteristics. 

A description is also given of the extended Kino short gun which was 

used as  the beam launching system. 
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Cbapter VII describes the operating characteristics of the 

extended Kino gun and the analyses of electron beams in the anode-sole 

region.  The latter investigations are concerned with both the gross 

characteristics of the beam (e.g., beam profile, location of beam, 

variations ic space, etc.) and with the detailed characteristics of the 

individual electrons comprising the flow (e.g., electron velocity and 

space-charge density). 

Chapter VIII summarizes the results of the investigations and 

the conclusions derived therefrom. Suggestions are also made as to 

possible future investigations which would be pertinent to these studies. 



CHAPTER II. THEORETICAL LIMITATIONS ON SPACE-CHARGE 

FLOW IN CROSSED-FIELD DEVICES 

2.1 Preliminary Remarks 

The prime objective of a crossed-fleld Injection system is to 

produce a high-density electron beam which is properly located to 

interact with the r-f wave propagating along the slow-wave structure. 

However, as mentioned in Chapter I, there are many difficulties asso- 

ciated with the formation of high current density, laminar electron 

beams. Although much effort has been devoted to the solution of this 

problem, the generation of laminar space-charge flow has not yet been 

successfully achieved in static crossed fields. 

Superficially the achievement of high current densities appears 

to be relatively simple. One possibility would be to use a wide cathode 

operating at a reasonable current density and then converge the beam 

to a small cross-sectional area. Thus the desired density would be 

achieved by simply using the correct gun system to produce the neces- 

sary convergence of the beam. However, there are two fundamental obsta- 

cles which exist: 

1. At the present time there is no electron gun design which is 

capable of forming extremely high-density beams in crossed-fleld devices, 

2. Even if such a high-convergence gun did exist it can be easily 

shown that electron beams which have a density exceeding the Brillouin 

value are incapable of laminar flow. Thus for any crossed-fleld electron 

gun system there is a maximum convergence which can  be imposed on the 

beam and still allow the flow to be compatible with the restriction of 

laminarlty. 

-24- 
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There are several conditions which must be satisfied to maintain 

a rectilinear laminar beam In a planar anode-sole region. For example, 

the location and thickness of a laminar beam are directly dependent on 

the current, voltage, and magnetic field. 

It is the extremely critical balance between the electric and 

magnetic forces acting on the electrons which limits the space-charge 

density that can be achieved. Attempts to exceed the Brillouln density 

will reduce the electric field which acts on the electrons. This results 

in an imbalance between the electric and magnetic forces and hence leads 

to nonlaminar flow. This, of course, is in contrast to O-type flows 

wherein the density of the beam can be increased quite appreciably by 

Introducing an axial magnetic field to confine the beam to a given 

diameter. 

2.2 Brillouln Beam Conditions 

A Brillouln beam involves the laminar, unidirectional flow of 

electrons. For crossed-field devices the beam moves between planar anode 

and sole electrodes as Illustrated in Fig. 2*1. The beam is assumed to 

be formed in an arbitrary electron gun system, the difficulty of such 

a foznatlon being of no concern at this time. The linear motion in the 

anode-sole region is obtained by the proper balancing of electric and 

magnetic forces acting on the electrons. The analysis of the problem 

is carried out in Appendix A where the following relations for the beam 

quantities are obtained: 
2 

9  » 5-r (y + 2a)2 , (2.1) 
2      ^l 

2 
oft 

E  . - -£ (y + 2a)  , (2.2) 
2        M 
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£ - a>c (y + 2a) , (2.3) 

and 

- • 
o c 

po n * 

3 
o c 

(y* 2a)     . 

(2.4) 

J. - - -" (y-»- 2a)  . (2.5) z 

The subscripts 2 refer to quantities within the beam, TJ > |q|/m Is the 

electron charge-to-mass ratio, a> ■ TJB IS the radian cyclotron frequency, 

and the distance y is measured relative to the lower edge of the beam. 

If the beam Is assumed to have a width h In the x-dlrectlon, the total 

current Is given by 

I - h y Jz dy , (2.6) 

y-0 

which upon integration becomes 

o c 
^ ^- + 2ai ^ . (2.7) 

Equations 2.1 through 2.7 provide a complete description of a Brillouin 

beam moving through the anode-sole region of a crossed-field device at a 

distance "a" above the sole. 

2.3 Limitations of Brillonln Flow 

The restriction to rectilinear laminar flow imposes certain con- 

ditions on the beam in the anode-sole region. The relation between 

the thickness and location of the beam and the current which it carries 

is of particular interest. From Eq. 2.2 the electric field at any point 

in the beam can be written as 
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ü) 
E ■^ [y + 2 (d - b  - i)] (2.8) 

The constant electric field which exists In the region above the beam is 

given by 
(D    - CD  ! 

(2.9) ^ ^a " Vy-i 

Evaluating E    at y = i  and equating to E    gives 
2 3 

b    =    (d - 1/2)   - 
n^c 

a£ (2d - i) 
(2.10) 

Thus for a given anode-sole spacing (d) and magnetic field (B), the loca- 

tion of the beam as specified by b, the distance between the anode and 

upper beam boundary, is dependent only on the beam thickness (i) and 

anode voltage (q> ). a 

The total current can be expressed as 

h €,, 0)3 i o c [(2d - 2b - i) - i/2]  , (2.11) 

where a has been replaced by(d-b-i). From Eq. 2.10 it is obvious 

that 

(2d - 2b - I) 
2TW. 

vf  (2d - I) 
(2.12) 

so that the current becomes 

I = 
h €  CD3 i o c r_^—1/2] . 

L CD* (2d - 1)      J 
(2.13) 
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The Implications of this equation are quite significant. If an electron 

gun is generating a beam of total current I for a given magnetic field, 

the injection of this beam into an anode-sole region where the anode 

potential is cp will result in laminar flow only if the beam has the 

thickness specified by Eq. 2.13 and enters at the location given by 

Eq. 2.10. The equation for i is a cubic equation for vhich two of 

the roots eure physically unrealizable. Thus there is but one v&lue 

of I vhich is compatible with Brillouin flow. In general, therefore, 

for specified I, cp , and B valves the beam location (b) and thickness 

(l) for laminar flow are uniquely determined. 

The requirements for laminar beams indicate that there are maxi- 

mum theoretical limits on the perveance and electronic efficiency of a 

crossed-field tube. To analyze the perveance, consider the current 

carried by an elementary filament of width dy, 

dl «  2—2. (y + 2a) dy . (2.1^) 

The differential perveance for such a filament can be defined as 

A Perv. ^ -|^ , (2.15) 

where 9 is the voltage of the strip of current and is given by Eq. 2.1. 

The total perveance of the beam can thus be written as 

^ AT ^T1  h €o ^e fr + 2&^ 
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Performlng the Integration gives 

^"•Br.    "   "«o^   mfsy (2-") 

as the perveanee of a Brlllouln beam. 

In the same manner as Dunn  the perveanee per square is defined 

as the perveanee divided by the beam width to beam thickness ratio. 

□ " 
Perv._ - ^ - J, ■ g  • (2.18) 

The evaluation of efficiency can be carried out in a similar 

manner. This is done by considering that the electrons which leave a 
■ 

zero potential cathode carry a total power given by 

P0    -    I<Pa    , (2.19) 

where I and q> are the beam current and anode voltage as previously 

defined. However, since the electrons enter the interaction region with 

some velocity, not all of the electron energy is available for conversion 

to the propagating r-f wave. To determine how much energy is available, 

consider the maxlnwim power which can be extracted from a differential 
■ 

current element of the BriUouin beam. This can be written as 

d? • (<Pa - 9) dl , (2.20) 

where q> > voltage of the current strip.    Thus the total power which 

could be extracted from a BriUouin beam entering the interaction region 

is given by 

r 
y-o 

PBr.    '   h  J      ((pa - V) Jz dy    . (2.21) 
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Substitutlng for cp and J and Integrating gives 

h €_ CD* I (i + 4a)  r    <£     a »1 

^Br. -        2n  "K * ^ [' + ^ + ^ I } •     C2-22) 

Since P«  Is the maximum power which can be extracted from a Brlllouln 
ur • 

beam while P Is the power contained by the beam as It leaves the 

cathode. It Is possible to define a maximum Brlllouln electronic effi- 

ciency (similar to the usual electronic efficiency of a planar crossed- 

field device) as 

»Br " T^ • (2-25) 
o 

Substituting for P_ from Eq. 2.19 and P_  from Eq. 2.22 the efficiency 
O DT, 

becomes 
a 

0) 

n 1 " idJr f^ + W + 8aa] .        (2.2^) Br. s   "* 4Tj9a 

This can also be written as 

"Br. = 1 - ST ' f2-2?) 

where <Pm  = l/2(9t  + 
<Pbottoni) 1» ^e mean value of the voltage within 

the beam. Notice that this expression is very similar to the electronic 

efficiency of a thin beam in a planar region as given by 

^ei " 1 'i'   ' (2-26) a 

where <p is the potential at the beam location.    Since the presence of 

the beam depresses the potential in the interaction region, it is obvious 



-52- 

that for the same beam location the theoretical Brillouin efficiency Is 

greater than the electronic efficiency when space charge Is neglected. 

The restriction to laminar flow requires that the following con- 

ditions be satisfied: 

1. The beam haa unique thickness, 

2. The beam haa unique location, 

5. The perveance la given by Eq. 2.18, and 

k.    The UUdmm  possible efficiency Is given by Eq. 2.2^. 

The equations can be simplified by defining 

I *  ^-—      , (2.27) 
€ CD

3
 d2 h o c 

*.*-?' (2.28) 
CD  d c 

and 

I    $   l/d    , (2.29) 

ä ^ a/d , (2.30) 

b = b/d . (2.31) 

(I and ♦ are different from the nonnalized parameters used In the Kino 

theory.) With these definitions the pertinent equations become 

f ■ r[(rhra] - (2-52) 

ü ■ Hr(2-7>-(r^] - (2-55) 
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€  >/5i (i)2 

Perv.   - -^ =  , (2.3U) 
□    (a) (i + 2a) 

and 

^Br.  ' 1 " ST [(7)2 + 4(a) (i) + 8(a)21  '      (2-35) 

a 

I is plotted vs. i in Fig. 2.2 for different values of the param- 

eter ♦ . For low values of * (e.g. • = .^^O) the curves display a 

relative maximum and then become negative at r.cme i < 1. This of course 

is physically impossible. A more thorough investigation reveals that 

points on the curve ueyond the maximum I value correspond to the physi- 

cally unobtainable roots of t.    As 4» is increased, the curves become 

steeper indicating that the current is being carried by a thinner beam. 

The curves of b vs. i are shown in Fig. 2.3* This figure indi- 

cates that as the beam becomes thinner, it must be located farther from 

the anode to maintain laminar flow. As 9 is increased, the necessary 

beam thickness at a fixed distance from the anode is reduced. Thus a 

thin beam situated close to the anode is possible only for extremely 

high * values which requires either high 9 or low magnetic field. 

The diagonal b = i line represents the dividing line between those 

situations which are physically realizable and those which are impossible, 

In other words, any  point to the right of this line corresponds to a 

situation wherein part of the beam is being intercepted by the sole since 

in this region 

(b + 7) > 1 . (2.36) 
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Notlce also that the point at which the ♦ »0.^0 curve intercepts the 
a 

b ■ 7 line is precisely that 7 value at which I has its maximum value. 

Thus it is obvious that the above statement concerning the physical 

impossibility of having any 7 values beyond the value at maximum I is 

correct. 

Figure 2.If illustrates the variation of perveance with cunent. 

The interesting feature here is that increases in current require similar 

increases in the perveance. This cones about because increases in 

Brillouin current require an increase in i which in turn requires the 

beam to be located closer to the anode. Consequently the beam poten- 

tial is increased and, in fact, is sufficiently larger so that it more 

than coupensates for the reduction in Perv. brought about by the 
0 

increase in current. 

Finally Fig. 2.3 indicates the variation of efficiency as a func- 

tion of the beam to anode spacing. The curves indicate that for each 

♦ value there is one b at which TJ   is maximum. For example, the 
a DT m 

• = 1.2 case has a maxi im im theoretical efficiency of approximately 97 

percent at b * O.k.    Notice that there can be no situation wherein points 

can exist to the right of the diagonal line since in this region 7 < 0. 

In general, the efficiencies are quite high with values in excess of 90 

percent being available for various * . Furthermore, the minimum theo- 

retical Brillouin efficiency is 30 percent which occurs at b = 0; i.e., 

when the beam is adjacent to the anode. This suggests that if Brillouin 

flow could be achieved in practice, the electronic efficiency should be 

quite high. Of course the major problem would then be that of providing 

an effective means of coupling between the beam and tne r-f circuit wave. 
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2.b    Practical Convergence Limitations for Electron Guns 

With reference to Fig. 2.1 again, consideration will now be 

extended to the required gun properties necessary for the formation of 

a Brillouin beam. Of principal importance is the question of whether 

there exists a limitatioR on the magnitude of convergence which can be 

imposed on a beam by the gun system. If W is the width of the cathode 

from which the electrons originate, the convergence of the beam can be 

defined as 

K   =   ^   . (2.37) 

The assumption of uniform emission from the cathode allows the total 

beam current to be written as 

I    =    h W J (2.36) 

where J    is the uniform cathode current density.     But frcm Eq. 2.7 it is 

also known that  the Brillouin beam current is 

I    = 

. 3 h e    u> o    c 
(* — ) • 

(2.7) 

Continuity requires  that these two expressions be  the same thus resulting 

in the relation 

/    +  4al     = 
2T) W J 

3 
e    cü o    c 

(2.59) 

Replacement of /  by W/K results in a quadratic equation for K whose solu- 

tion is 

K    = 

3 
a c    o) o    c 

nJ 
o    c 

(2.^0) 
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Thus for a given magnetic field and cathode current density this equa- 

tion gives the convergence which must be achieved In order to generate 

a laminar beam which leaves the gun at a distance "a" above the sole. 

For a fixed cathode width the only alternative for Increasing 

the beam current Is, of course, to Increase the cathode current density. 

Therefore, If the magnetic field and beam location are fixed, the net 

effect of the Increased J Is to decrease the convergence.  In other 

words, since the space-charge density for a Brillouin beam Is given by 

p0 - --V^ • (2A1) 

It Is obvious that the only way to Increase the beam current for a fixed 

magnetic field and beam voltage Is to Increase the beam thickness. Con- 

sequently the convergence of the beam Is determined by J which In turn 
Km 

Is determined by the voltage applied to the gun accelerator electrode. 

If higher convergence values are desired. It is necessary to resort to 

Increased magnetic field values. However, Increases In B also require 

Increased voltages In order to maintain the electron trajectories approxi- 

mately the same. 

As mentioned ear ier one of the reasons for wanting high beam 

convergence is to produce high current density space-charge flow. 

However, In the previous section the current density for laminar flow 

was shown to be 

€ a>3 

Jz = - -2^ (y + 2a)  . (2.42) 

Thus there exists only three possibilities for increasing the average 

Brillouin current density. 
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1. Increase the magnetic field. This is simply the same as 

increasiug the Brillouin space-charge density. 

2. Increase the distance of the beam above the sole. This is 

equivalent to increasing the velocity of the beam. 

5. Increase the beam thickness. This is the condition of increased 

current flow from the gun region either by increasing the cathode area 

or the cathode current density. 

There has been no discussion of the gun systems vhich are assumed 

to generate the Brillouin beams. The only objective here is to present 

sane of the limitations which exist even if laminar flow could be gener- 

ated. The design of electron injection systems capable of forming laminar 

beams is a formidable task which has not been satisfactorily achieved as 

of the present time. The following section discusses a few gun configu- 

rations and the limitations of their beam forming capabilities. 

2.3 Limitations of Typical Electron Gun Configurations 

The preceding parts of this chapter have indicated sane of the 

limitations which exist for rectilinear, laminar electron beams. These 

can be considered as the fundamental limitations which are inherent in 

space-charge flow through crossed electric and magnetic fields. In actual 

electron injection systems, however, the bean invariably differs from the 

.laminar flow model. Although sane gun systems are better than others, 

none has yet been found which is capable of forming an ideal Brillouin 

beam. A few examples will illustrate the problems encountered in prac- 

tical configurations. 

2.^.1 Charles Gun4.  The first gun will be the so-called Charles 

or French Short Gun which is shown in Fig. 2.6. The electric fields in 

the two regions are assumed to be constant and uniform.  An electron 
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emitted from the cathode will undergo cycloidal motion in region 1 and 

pass Into region 2 at the apogee of its trajectory. In the cathode 

region the coordinates of the electron at any time are given by 

9. 
(1 - COS CO t)   , 

yi  =  -.d.B8 - 
(2.1'5) 

and 

V4 

n df B' 
(a) t 

c 
- sin a) t) (2.U4) 

If the electron is to undergo linear motion through region 2 it should 

enter at yf = 2 (pf/r\  df B , zf = « (pf/n df B with a velocity 

29. 
z = 

dfB 
a s 
d B 
a 

(2.U5) 

where cp and cp are the anode and sole voltages respectively. Obviously 
81       S 

any electron which leaves the cathode at z / z» will reach the entrance 

plane with y ^ 0 so that it will be incapable of linear motion through 

the anode-sole region. Thus it is obvious that the Charles gun is 

restricted to fairly narrow cathodes in order to have a reasonably thin 

rectilinear beam in the interaction region.  In fact the thickness and 

nonlaminarity of the beam are directly related to the cathode width from 

which electrons are emitted. This particular characteristic is illus- 

trated in Fig. 2.7 where the center trajectory is nearly linear in region 

2 but those electrons leaving from different points along the cathode 

undergo undulatory motion in the anode-sole region. The transverse ampli- 

tudes of these undulations are proportional to the distance between the 
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point at which the electron leaves the cathode and the emission point of 

the center trajectory electron. 

These results were obtained from a space-charge-free Poisson cell 

analysis similar to those described in the following chapter. The effect 

of space charge is such as to actually decrease the turbulent nature of 

the beam. However, it is still true that the useful cathode width for 

such a gun is quite restricted. 

2.5.2 Kino Short Gun. The design of the crossed-field Kino gun 

is based on a particular two-dimensional space-charge-flow condition for 

which the electric field is always in the y-direction (i.e., E =0). 

In addition it is assumed that all electrons flow in parallel paths with 

the current density, space-charge density and electron velocity independent 

of the z-coordinate. For this situation the J component of current 

density is constant. 

The theory is based on the additional assumption that the electrons 

are emitted perpendicular to the cathode with zero initial velocity. 

(This is contrasted with the long gun flow where a nonzero emission veloc- 

ity is assumed.)  The trajectory equations thus take the from 

(z   - zo) 
n J, 

3 
€     U> 

O      C 
[ 

(<D   t)' 
C    ' 

COS CO  t 
c '] (2.J46) 

and 

n J, 
3 

c    a> 
o    c 

[ U)  t 
c sin a> t c ] (2.47) 

The direction in which the electrons are traveling at any point is given 

by 
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,        1 - COB CO t 
tan f - ^ =  —£-- . (2.*8) 
*'**" ▼    dz    cuLt - sin a) t c       c 

The potential and space-charge density observed at any tine during the 

electron motion are 

2 2 
T\ J r («"L^) 1 

9 =  = y    1 - cos a) t ♦ —| ODLt sin to,,!    (2>9) 
2  4 1 C       2        C        C 
o c 

and 

(2.50) 
1 - COS (D t  ' 

2 
€  00 

where p  = is the Brillouin density. 
o       TJ 

Although Eq. 2.^7 describes the y-location of an electron at 

various times, it can also be considered as the y-location of different 

electrons at a fixed z-plane (exit plane). For the latter case, dif- 

ferent y values imply that the electrons were emitted from the cathode 

at different z    positions and hence arrived at the exit plane at dif- 

ferent values of co t. Viewing the problem in this manner it is then 

possible to determine the variation of p and f across the exit plane. 

Restricting the investigation to those electrons which reach the plane 

with CD t = 2x results in the trajectories shown in Fig. 2.8. Thus the 

upper electron reaches the exit plane at CD t • 2JC and has an angle f « 0. 

All the other electrons lie below this and have co t < 2x and f > 0 at 

the exit. 

In order to simplify the equations, z and y are normalized as 

follows: 
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3 / ..  *\2 

€  O) 
z ^ ^Llc (Z - 2o) = J| + cos (Dct - 1 ,     (2.51) 

and 3 

^ -S—S- y - co t - sin a) t  . (2.52) 
TJ J  ^        C C 1 y 

Defining 
i    ^ 2« - Y , (2.53) 

results in the upper trajectory having 5 = 0 at the exit plane. Thus 

all the other trajectories have ^ > 0 at this plane. 

These relations allow p/p and t to be plotted vs. £ as shown in 

Fig. 2.9. The space-charge density is infinite at the top of the beam 

and decays rapidly with | until reaching the Brillouin value at | « 0.571 

(a) t - 3 it/2), p remains less than p until i  - 5-702 (a)ct = K/2) when 

the Brillouin density is again achieved. The minimum density is 0.5PO 

at £ = « (a> t = *)• At 5 = 2ä the space-charge density again becomes 

infinite. Notice that this point corresponds to the cathode location 

where the condition of space-charge-limited operation requires p = «. 

Finally, the directions in which the electrons travel as they pass the 

exit plane vary from if = 0 at  the top of the beam to t = 90° at the bot- 

tom (i.e., at the cathode). 

Figure 2.10 illustrates the normalized velocity (U) and  current 

density (S) variations across the beam where 

s 
*  C  CD A  o c U = -2-7S- v = kl ((at  -  sin co t)2 + (l - cos a) t)2 ,  (2.5^) 

TJ jy    y  c       c c 

emd 

€ , a>      . /    / a) t - sin co^t \2 
^-J =Vl^ ( -T hi      •    (2.55) J

y p0        V       \ 1 -cos ^ y 
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Except near the cathode, the velocity varies almost linearly across the 

beam thus indicating some resemblance to the Brillouin velocity varia- 

tion. However, the current density changes rapidly near '"he top of the 

beam (UJ t = 2n) as a result of the rapid p variation in that region. 

Consequently the current density differs appreciably from the linear 

Brillouin requirement. 

In view of the above results it is obvious that two fundamental 

problems exist which prevent the achievement of laminar flow from a 

theoretical Kino short gun.  First, the space-charge density undergoes 

a rapid variation near the a) t = 2« point. This is contradictory to 

the desired p = p for Brillouin flow. The second problem involves the 

different directions in which the electrons are moving as they pass the 

exit plane.  In other words, the wider the beam is at the exit plane 

the greater is the difference between the t of the top and bottom tra- 

jectories. The combination of these two problems make it impossible 

to achieve laminar flow, even on a theoretical basis, from the Kino 

short gun. 

However, the use of a narrow cathode located so that the upper 

electron reaches the exit plane prior to üü t - 2« should help in 

improving the beam. The restriction of the cathode width is necessary 

to minimize the t variation across the exit beam. Of course the gun 

should also be tilted with respect to the circuit-sole st-ructure at an 

angle which is half the difference between the ♦ of the upper and lower 

electron trajectories in the beam.  Figure 2.11 illustrates the theo- 

retical trajectories of a Kino short gun-which is terminated prior to 

the OJ t = 27T point for the upper trajectory. The behavior of such a 

gun will be discussed in more detail in Chapter IV. 
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The results of the above investigation indicate that the Kino 

space-charge flow solution produces a bean which is similar to the 

Brillouin beam in some respects but differs radically in others, i.e., 

p and J.  In theory, therefore, it is not possible to achieve exact 

Brillouin flow by means of a Kino short gun. The nonlaminarity of the 

beam in the anode-sole region will be a function of the cathode width 

and the transit time of the electrons through the gun region. 

2.3.3 Kino Long Gun7. The Kino long gun configuration, including 

the theoretical trajectories, is shown in Fig. 2.12. The flow is derived 

using the assumption that all of the electrons leave the cathode with the 

same normal velocity component given by 

TJ J 
yo =  * . (2.56) 

C  O) 
o c 

For this situation the trajectory equations are 

y\ J      (to t) 
(z  - t)    =     *   -|  (2.57) 

€     O) 
O      C 

and 

*    ("> t)     . (2.58) 
3       x    C 

€     Oi 
O      C 

The potential variation along a trajectory is 

n J2 

<P    «        2 
y      (a> t)2    , (2.59) 

o    c 

while the space-charge density is 
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z 
C  O) o c 

(2.60) 

which is precisely the Brillouin value. Thus the theoretical flow from 

the Kino long gun is characterized by the Brillouin density at every 

point in the beam. 

The trajectory angle is 

tan ♦ = j  = —r t T    dz    co t ' 
c 

(2.61) 

while the velocity components are 

1 J 

o c 
2    C 

and 

n J 
y = 2 

e a) o c 

X - 

®cy 

■  y o 

(2.62) 

(2.6^) 

Hence the flow is such as to maintain the y-component of velocity con- 

stant at every point within the beam. Furthermore, the z-component of 

velocity is such that its y-derivative is 

dz 
oy     c 

(2.64) 

which is exactly the velocity gradient across a rectilinear Brillouin 

beam.    If the magnetic  field is very large y    is observed to be exceed- 

ingly small and the total velocity is essentially given by 

v    «    z    =    ü) y c'' (2.65) 
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Thus the long gun produces a theoretical beam whose velocity and space- 

charge density are  essentially those of Brlllouln flow. 

These results suggest that the Kino long gun should be capable of 

generating laminar electron beams. Unfortunately, experimental Investi- 

gations11'12 of such a gun have not substantiated the theoretically pre- 

dicted desirable characteristics. They have, in fact, indicated highly 

nonliunlniir and unstable flow. The principal problems appear to be: 

1. In actual thermionic emission the electrons do not leave the 

cathode with the same velocity. 

2. The electrons require a fairly long time to pass through the 

gun region. This allows a significant interval during which undesirable 

forces (primarily the diocotron phenomenon) may affect the beam. The 

first difficulty is related to the fact that any discrepancy in initial 

velocities from the y value will result in different trajectories and 

hence in a different beam configuration. Any nonunlfoim emission will 

also increase the possibility of diocotron-type phenomena occurring in 

the gun region and hence will lead to greater beam nonlamlnarity. What- 

ever the reasons may be, experiments have Indicated that instead of the 

excellent beam characteristics predicted by the theory the actual flow 

is unstable and extremely noisy. One explanation for the undesirable 

behavior appears to lie in the emission characteristics of electrons 

leaving from a thermionic cathode; i.e., the assumption of a single 

emission velocity is not valid. 

2.5.^ Other Types of Guns. Dain and Lewis5 and Bartram and Pease® 

have described guns which are derived on the basis of the adiabatic 

principle as discussed in the first chapter. They essentially involve 

the emission of electrons from a cathode located in a uniform field 

region after which the beam is subjected to a slowly varying transition 
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and then injected into the anode-sole region. The long transition region 

makes these guns similar to the Kino long gun but with less ideal theo- 

retical characteristics. In particular the theoretical trajectories 

in the anode-sole region are characterized by cycloidal variations. There 

is no need to consider these adiabatic guns in any more detail since 

their theoretical beams are no improvement over those generated by Kino- 

type guns. 

All of the crossed-field electron gun systems which have been 

devised involve basically the same principle. That is, the electrons 

are emitted from a unipotential cathode after which the gun must act on 

the beam and rotate it by approximately 90* and inject it into the inter- 

action region. The success of the injection system is measured by the 

laminarity of the beam as it leaves the gun. 

The above examples illustrate some of the theoretical limitations 

which exist for various types of crossed-field injection systems. The 

following two chapters involve computer investigations of the beam char- 

acteristics derived from specific crossed-field electron gun configurations 



CHAPTER III. ANALOG COMPUTER INVESTIGATION OF 

ELECTRON INJECTION SYSTEMS 

3«1 Introduction 

A comprehensive evaluation of the beam-forming capability of an 

electron injection system requires the determination of the electron 

trajectories through the gun region.  The motion of an electron through 

d-c electric and magnetic fields is described by the Loretitz force 

equation 

|£ - - TJ [E + v x B]  , (3.1) 

Ab 
where E = electric field, 

B ■ magnetic field, and 

v = electron velocity. 

For crossed-fleld devices the problem can be simplified if the variation 

In the magnetic field direction (x-directlon) is neglected.  The Lorentz 

equation can then be separated into the two component ecuatlons which 

are 

|2 

3t*   •   '>^-ü)ci    ' (^ 

and 

d2z dcp . /,  -, \ 
dt? = ^57 ^y ' (5.5) 

where q> = the potential. 

These equations are valid for any crossed electric and magnetic 

fields regardless of the space-charge density. The presence of 

-58- 
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significant space charge manifests itself by affecting the potential 

distribution.  In other words, with no space charge present the poten- 

tial must satisfy Laplace's equation 

' ^P(y,z) = 0 . (3.1*) 

Obviously in this situation the potential at any point  is dependent 

only on the electrode configurations and the externally applied 

voltages.     However, when space-charge effects become significant the 

potential distribution is modified according to Poisson's equation 

*9(y,2)     =     -   £%^       . (3.5) 
o 

where p(y,z) is the space-charge density. Equation 3'5 indicates 

that the voltage is a superposition of the space-charge free value 

and the contribution due to the space-charge distribution. 

The evaluation of electron trajectories requires the simultaneous 

solution of two problems.  First it is necessary to determine the poten- 

tial distribution including the effects of space charge. Then the two 

component force equations must be solved to yield the electron motion. 

Numerous analog methods have been devised to evaluate the flow 

of electrons.  Some of the more familiar methods involve the use of 

electrolytic tanks29, resistance networks30, and rubber membranes31. 

The system employed by the author involved the use of a Poisson cell32, 

which is a solid conducting medium, and an analog computer. The system 

was developed under the Signal Corps Contract DA-56-O39- sc-p671^ and 

has been used extensively in analyzing crossed-field electron injection 

systems in the Electron Physics Laboratory at The University of Michigan. 

The basic theory of operation is presented in Appendix B. 
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3.2    Poissop Cell Investigation of a Kino Short Gun 

Figure J.I Illustrates a particular Kino short gun configuration 

as well as the space-charge free trajectories determined from the Polsson 

cell analysis.    The gun utilized an extremely vide cathode which was 

found to be responsible for generating certain nonlaminarlties In the 

space-charge flow.    The theoretical design values were 

q)..    «    focusing anode voltage = 520 volts, 

B    ■    Ikl gauss, and 

J      =    cathode current density = 0.046 amp/cm2. 
C 

The Important dimensions were a cathode width of O.305 Inch and a 

circuit-sole spacing of 0.225 inch. 

Figure 5*2 Indicates the electron trajectories obtained, with 

space-charge effects Included, under the assumption of a uniform 

emission of 0.048 amp/cm2 over the cathode surface.  It is readily 

apparent that the gun did not generate a laminar beam. The principal 

reason for the nonlaminarlty was the manner in which the electrons from 

the rear portion of the cathode (section A-B) moved through the remainder 

of the beam before reaching the gun exit plane. 

Figure 3*3 Illustrates the beam configuration when the cathode 

was no longer considered to be emitting electrons uniformly across its 

surface. The cathode current density variation indicated greater 

emission from the center portion of the cathode than from any other 

region. However, the average cathode current density was still con- 

sidered to be 0.04Ö amp/cm2. The beam was still nonlaminar with the 

electrons in the upper part of the beam being responsible for most of 

the turbulence. Various other J distributions were considered but they c 

all resulted in essentially the same type of nonlaminar flow behavior. 
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Investigatlon of Fig. 3.2 In greater detail indicates the possi- 

bility of achieving a relatively laminar beam by restricting emission 

to only a portion of the original cathode; e.g., the electrons emitted 

from section B-D apparently form a nearly laminar beam. However, if the 

space charge produced by those electrons emitted from section A-B were 

removed from the beam the B-D trajectories would be different unless 

the external electrodes could be modified to produce the same effect as 

the removed space charge. 

Figure 3.4 illustrates the electron flow vhen emission was 

restricted to only section B-C of the cathode. The removal of the space 

charge contributed by those electrons emitted from sections A-B and C-D 

required a decrease in focusing anode voltage and magnetic field to 313 

volts and 107 gauss respectively. These modifications were necessary 

to prevent interception of the beam by the focusing anode.  This reduction 

in cathode area resulted in the formation of a nearly laminar beam with 

a convergence of about 3.6 to 1. This flow was also based on a uniform 

emission of 0.048 amp/cm2. Later in this chapter it will be shown 

that uniform emission from section B-C of the cathode corresponds to 

the space-charge-limited behavior of the Kino gun. That is, the space- 

charge-limited investigation indicates relatively uniform emission from 

the center portion of the cathode but not from the edges. Consequently 

the situation of Fig. 3*4 corresponds to a removal of the nonuniform 

emitting end sections of the cathode. This flow also has the physical 

interpretation that sections A-B and C-D of the cathode have been 

poisoned and are no longer capable of emission. 

As suggested above, the beam formed by the reduced cathode was 

nearly laminar as it crossed plane A-A in the anode-sole region. The 

production of a Brillouin beam by the gun requires a convergence of 
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a e: 
o 

o   v or»' 

as Indicated In Chapter II. For the conditions of Fig. }.k-, 

J      =    O.OUÖ amp/cm2, 

oi      = 1.88 x 109 radians/sec, 

V   = 3-80 x 10"s meter, and 

a = 2.80 x 10'3 meter. 

Substitution of these values Into Eq. 3.1 results In a convergence value 

of K = k.2 vhlch Is close to the measured value of 3.8. This suggests 

that the gun Is capable of producing nearly laminar flow If emission Is 

restricted to the B-C portion of the cathode. 

Any attempt to generate a decent beam from a wider cathode 

requires certain modifications of the electron gun configuration. 

Changes In the focusing anode seemed to offer the greatest possibility 

of Increasing the cathode width without destroying the beam laminarIty. 

As mentioned before, the nonlamlnarlty was created primarily by those 

electrons coning from the rear section of the cathode. The rapidity 

with which these electrons curved through the remainder of the beam 

Indicated that the average electric field which these particles experi- 

enced was not sufficient  to balance the magnetic force. Thus an 

Increase In the electric field In this portion of the gun would seem to 

offer some advantage In Improving the electron trajectories.  The simplest 

procedure for Increasing the electric field was to depress the rear 

portion of the focusing anode towards the cathode. Various modifications 

of this electrode were Investigated. Figure 3.5 Illustrates the optimum 

focusing anode configuration for Increasing the useful emitting area of 

■ • 
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the cathode. Although there are no trajectory crossings in the gun 

region there is no doubt that the beam will be quite nonlaminar in the 

anode-sole region. 

The above investigations indicate the existence of tvo funda- 

mental limitations for crossed-field electron injection systems: 

1. There is a maximum convergence vhich a gun can impose on an 

electron beam and still satisfy the conditions of laminar flov. 

2. For a given injection system there is a maxlimim cathode width 

from vhich a Brillouin beam can be obtained. 

Both of these conditions are direct consequences of the restric- 

tion of the space-charge density in a laminar beam to the Brillouin 

value ^ p » - €0ü)^/T). Any attempt to increase either the convergence 

or the cathode vidth beyond the limiting values will result in the 

generation of nonlaminar flov. 

3»3 Investigation of the Extended Kino Short Gun 

The experimental beam analyzer investigations described in Chapter 

VII involved the electron flov obtained from the gun shown in Fig. 3.6. 

This again is a Kino short gun except that the exit plane has been 

extended veil beyond the theoretical a) t ■ 2* cut-off plane. This con- 

figuration vill henceforth be referred to as the extended Kino short 

gun. The use of a narrov (-0.050 inch vide) cathode presumably should 

simplify the achievement of laminar flov. 

The Poisson cell analog of this configuration was investigated to 

determine the beam characteristics in the gun region and.to correlate 

the results vlth the experimental beam analyzer data. The operating 

conditions were 
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= 1540 volts, 

cpa = 2500 volts , and 

B = 368 gauss. 

-10-

The space-charge- : ree trajectories are shown in Fig. 3·1· With 

the above voltages abd magnetic field, the theoretical current density 

for this design ~hould be 0.8 ampjcm2. 

The initial Poisson cell investigation was concerned with evalu-

atiug the effect of different cathode current densities on the resultant 

beam configuration. The analysis waa carried out fo:i.' uniform emission 

of 0.5, 1.0, 1.5, and 2.0 ampjc;n2. The corresponding space-charge flow 

patterns are illustrated in Figs. 3.8 through 3.11 respectively. The 

J = 0.5 be811l indicated that the space-charge density was not sufficient 
c 

to prevent the flow frOID beccming nonl811linar. The nonl811linari ty of the 

be811l is displayed by the manner in which the upper two electrons cross 

into the remainder of the space charge shortly aftel" emission from the 

cathode. 

When tbe cathode current density was increased to 1.0 ampjcm2 the 

trajectories were improve-d and no severe cross-overs occurred. In fact 

the be811l was nearly 1811linar in the region of the gun adjacent to the 

cathode. C<mparison of the J = 0.5 and 1.0 trajectories indicates that c . 

the location and general configuration of the beams were essentially the 

aa.e. This significant result indicates that the macroscopic or gross 

characteristics of the beam are not critically dependent on the behavior 

of the individual electrons which comprise the flow. In other words, 

for this particular case doubling the current has not altered. the beam 

configuration to any great extent. 

' 
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However, when J was increased to 1.5 amps/cnr2, the beam began 

to open up and became more nop laminar. Nevertheless, the location of 

the beam was approxiftately the same as in the previous two cases. 

The final situation of J =2.0 amps/cm2 resulted in an unfavorable 

situation wherein the trajectories spread apart rapidly and the beam 

became unstable. In other words, there was too much current and space 

charge i. "he beam thus causing the flow to become nonlaminar shortly 

after emission from the cathode. 

These results suggest that the beam configuration was not directly 

dependent on the cathode current density as long as the value of J was 

not greatly different from the theoretical Kino value. The beam location 

was essentially the same in each case although the degree of laminarity 

was related to the cathode current density. The principal difference 

was that the beam width increased as J increased until the flow became 
c 

unstable at approximately 2.0 amps/cm2. 

Bach of the above investigations involved the properties of 

electron beams formed by assuming uniform emission fron the cathode. 

This corresponds to the temperature-limited operation of the cathode; 

i.e., with fixed qpf and B the total current leaving the emitting surface 

is determined by the cathode temperature. This is quite different from 

the space-charge-limited operation of a cathode where the emitted current 

is uniquely dependent on the focusing anode voltage and magnetic field, 

nevertheless, the above results qualitatively describe the deviation 

fron theoretical flow which results when the current density is slightly 

different fron the theoretical design value. 

The space-charge-limited behavior of a crossed-field gun requires 

a slightly more detailed investigation of the conditions near the cathode. 

In particular the emission fron each point along the cathode must be 
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such as to result  in a  zero electric field value at the surface.    Thus 

for specified qp- and B values there is  only one J    distribution which 

will satisfy the requirement of space-charge-limited flow.    The Poisson 

cell evaluation for this type of flow requires the introduction of 

certain conditions at the  cathode.    The proper cathode current density 

distribution is evaluated by assuming that the potential in the immediate 

vicinity of the cathode satisfies Child's lav for a planar diode, 

J   -   ^ ^    «^   • (5-7) 

y is the distance from the cathode to the outer edge of the first row 

of space-charge-simulation sources while q> is the potential at this 

point.  If for a given J there is disagreement between this theoretical 

9 value and the actual voltage as measured on the Poisson cell, a differ- 

ent J value is required.  When a self-consistent solution is achieved, 

the voltages at the edge of the first row will be in agreement with the 

theoretical values obtained from Eq. 3»7-  Since the electron beam in 

the Kino gun is derived on the assumption that the current density is 

uniform along the cathode, it is obvious that if the theoretical flow 

can not be achieved there must be a nonuniform emission from the cathode 

surface. 

The analysis which follows is concerned with the space-charge- 

limited flow in the extended Kino short gun. The investigation was 

started by assuming a uniform cathode current density of 0.8 amp/cm2 

which was approximately the same value as prescribed by theory.  After 

several iterations of the space charge simulation process it became 

obvious that space-charge-limited operation with uniform J was impossi- 

ble.  Various J distributions were considered until finally the 
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se If-cons is tent trajectories of Fig. 5.12 were obtained. Comparison with 

earlier investigations indicated that the space-charge-limited beam 

configuration and location agreed reasonably well with the J = 0.5 

and 1.0 amp/cm2 results.  Thus even with nonuniform emission from the 

cathode (see Fig. 5.15) the electron trajectories are similar to previous 

investigations in which uniform J conditions were assumed. 

The nonuniform emission Illustrated in Fig. 5.15 indicates that 

the cathode current density varied from a minimum of 0.55 amp/cm2 on 

the left edge of the cathode to 1.05 amps/cm2 on the right edge. This 

result is in agreement with the earlier investigation of the wide cathode 

Kino gun.  In that case the electric field in the left region of the gun 

was observed to be too small to allow the electrons emitted from this 

section of the cathode to follow the proper trajectories. The extended 

Kino gun results indicate that this improper field is also responsible 

for reducing the emission from this part of the cathode. 

The above results are contrary to the fact that one would expect 

a suppression of emission from the right side of the cathode rather 

than the left.  In other words, the electrons emitted from the left side 

would pass over the rest of the cathode and hence would depress the 

potential and electric field in the right portion of the gun.  It then 

follows that emission from this part of the cathode would be reduced. 

However, this interpretation implies a gun system in which the focusing 

electrode is planar and located parallel to the cathode surface. This 

results in the space-charge-free electric field being uniform along the 

cathode surface. Thus, with a beam present the space charge above the 

right part of the cathode combines with the space-charge-free field to 

produce a net electric field which is smaller than at the left ec.ge of 

the cathode. Thus it is obvious that the emission must be reduced along 
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the right edge in this situation. However, in the Kino gun the focusing 

anode is not equally displaced from each section of the cathode.  In 

particular it is located much farther from the left side of the cathode 

than from the right side.  Thus the charge-free field along tne rear 

of the cathode is significantly less than on the front edge. As the 

electrons move through the gun they do tend to depress the field on 

the right more than on the left, but the results indicate that this 

depression is not sufficient to offset the greater field produced by 

the focusing anode on the front edge of the cathodt. Consequently it 

should be expected that the investigaticai would indicate greater cathode 

current densities along the right edge. 

The observation of nonunlform emission from the cathode of a Kino 

short gun has been substantiated by Midford11 in his experimental investi- 

gations.  Gas was introduced into his tube during its operation and 

photographs were then taken of the ionized beam.  These photographs 

vividly illustrate a suppressed emission from the rear of the cathode 

thus agreeing with the Poisson cell results.  The difference in the 

cathode emission characteristics of the Kino gun and the planar diode 

injection system is a result of different electrode configurations and 

is not indicative of contradictory behavior of the electron beams in the 

two situations. 

!. 
The Poisson cell analysis of the extended Kino short gun indicated 

an average space-charge-limited cathode current density of 0.79 amp/cm2. 

This was in good agreement with the theoretical uniform Kino value of 

0.8 amp/cm2 and suggested that the total beam current obtained by the 

Poisson cell was nearly identical to the Kino value for the selected 

9- and B values. 
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The above extended gxin results suggested the possibility of 

improving the flow from the cathode by locating an auxiliary electrode 

closer to the left edge of the beam.  Figure 3.14 illustrates the tra- 

jectories obtained when an auxiliary electrode is located along the 

(p = 640 volt theoretical equipotential.  However, this electrode did 

not appear to affect the cathode current density distribution to any 

great extent although it did increase the average cathode current density 

from 0.79 to 0.8? amp/cm2. 

Figure 3*15 illustrates the situation when the auxiliary electrode 

voltage was increased to 850 volts. Once again the current distribution 

is unchanged except for increasing the average J value to O.96 amp/cm2. 

The current uensity distributions across the cathode for the auxiliary 

electrode investigations are shown in Fig. 3.16.  These results indicate 

that the achievement of more uniform emission will not be possible unless 

the electric field in the rear portion of the gun can be increased.  One 

possibility is the curvature of the rear of the focusing anode down 

towards the cathode, a situation considered earlier in this chapter. 

Another possibility is the modification of the cathode ramp electrodes. 

Such a study was carried out during a digital computer analysis of a 

shortened Kino gun and the results will be presented in Chapter IV- 

3.4 General Conclusions of the Poisson Cell Investigation 

The investigation of the various electron injection systems has 

resulted in the following observations: 

1. There is a maximum convergence ratio which is compatible with 

the formation of a Brillouin beam. 

2. There is a maximum cathode width from which Brillouin flow 

can be achieved. 
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3* The bean location and configuration in the Kino gun is not 

critically dependent on the current unless operation is attempted for 

J values greatly exceeding the theoretical value. 

U. The space-charge-limited behavior of the extended Kino short 

gun results in nonuniform emission from the cathode. 

5- The average J value for space-charge-limited operation is 

approximately the same as the uniform value predicted by the theory. 

Further evidence substantiating sons of these conclusions vill be 

presented in the chapters which follow. 



CHAPTER IV.     DIGITAL COMPUTER INVESTIGATIQH OF 

CROSSED-FIELD ELECTRON GUNS 

k,l    Introduction 

A digital computer program has been developed by Boers33 for 

the determination of electron trajectories  in crossed-field devices. 

The program uses a 7200 point matrix to simulate the gun geometry and 

electric  fields.    The d-c  electric  field produced by the application 

of voltages to the various  electrodes  in the actual device is simulated 

by assigning the appropriate potentials to those matrix points which lie 

along a given electrode curve.     Relaxation techniques are employed to 

evaluate the electric fields vhich act on the electrons during their 

motion.     The magnetic field can be variable but for crossed-field 

analyses  it has been assumed to be uniform. 

The regular trajectory program begins by assigning initial con- 

ditions  to the electrons at the edge of the first matrix row adjacent 

to the  cathode.    The electrons  are assumed to have been emitted with 

zero velocity from a space-charge-limited cathode.     Thus the potential 

distribution in the cathode region must satisfy Child's law 

•CT^T'- ■ 
O 

and for a given cathode current density J the electrons at the first 
c 

matrix  point must have an  initial energy prescribed by £q.  U.l. 

It  is also possible to include the effects  of a potential minimum 

near the  cathode  in which case  it is necessary to introduce nonzero 

emission velocities for the electrons.    The analysis  requires a two-stage 

-87- 
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process whereby the first step involves the simulation of the voltage 

distribution near the cathode.    The electron trajectories are investi- 

gated in this potential minimum region and the velocity ccinponents are 

measured at the first matrix place.    This data is then used as the 

initial conditions for the regular computer program for determining the 

electron trajectories in the remainder of the gun region.    The above 

results provide both a description of the electron beam configuration 

and an indication of the effect of initial velocities on the individual 

trajectories. 

The digital computer program has been applied to the evaluation 

of space-charge flows produced by various Kino gun configurations.    Some 

of these investigations involved the same type of guns as were used in 

the Poisson cell analyses and consequently will not be discussed in 

detail here.    Hovever, a comparison of the results obtained by the tvo 

methods is sumnarized below. 

The investigations of a Kino short gun which is terminated prior 

to the <D t * 2x plane eure described in detail.    Changes in the ramp and 

focusing-anode electrodes were evaluated in terms of their effect on 

the electron trajectories and cathode current density distribution. 

This gun was also used as the model for studying the trajectories of 

electrons which had traversed a potential minimum region adjacent to the 

cathode. 

U.2   Comparison with Poisson Cell Results 

Figure Jf.l illustrates an electrode configuration which is 

identical to the Poisson cell model of the Kino gun described in Fig. 

3.1.    The solid curves are the trajectories obtained from the digital 

computer solution of the problem while the broken curves represent the 
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correspondlng Polsson cell results.  The trajectories obtained by the 

two methods are generally quite similar especially near the cathode. 

It is only when the trajectories approach points of intersection, 

indicating noolaminar flow, that significant differences occur. Never- 

theless, the general beam configurations are essentially the same. 

This was a space-charge-limited analysis in which the average cathode 

current density was found to be approximately 0.058 amp/cm2 rather 

than the theoretical value of 0.046. 

Figure k.2  compares the Poissoo cell and digital trajectories 

when the focusing anode configuration was modified. These results were 

both obtained under the assumption of a uniform cathode emission of 

0.048 amp/cm* • In each case i\ was quite apparent that the flow became 

nonlamlnar as the beam approached the gun exit plane. 

Figure 4.3 illustrates the digital computer trajectories for 

the extended Kino short gun of Fig. 3.12. As in the Poisson cell 

analysis, this investigation was concerned with space-charge-limited 

operation. The analog study described earlier indicated that the current 

density was variable across the cathode. The digital investigation also 

indicated nonuniform emission as is illustrated in Fig. 4.4 which 

compares the cathode current density distributions for both the Poisson 

cell and digital computer analyses. The results are similar except near 

the right edge of the cathode. Both results are derived by assuming the 

existence of a Child's law potential distribution between the cathode and 

some arbitrary plane a short distance away. For the Poisson cell analy- 

sis, the arbitrary plane was located only half as far from the cathode as 

it was in the digital analysis (0.005 inch as compared with 0.010 inch, 

actual tube dimensions). The manner in which the region immediately 
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adjacent to the cathode Is handled does not seem to Influence the 

emission fron the cathode to any great extent. This means that the 

solution to the problem should not be critically dependent on the 

manner in which the space charge is simulated near the cathode. How- 

ever, the different location of the arbitrary plane probably is 

partially responsible for the discrepancy in the J values along the 

right edge of the cathode.  (The ramp electrodes also greatly affect 

the edge emission from'the cathode as will be illustrated in the 

following section.) The average digital computer value of cathode 

current density is approximately 0.8*? amp/cm2 which agrees favorably 

both with the Poisson cell result of 0.79 amp/cm2 and the theoretical 

value of 0.80 amp/cm2. 

In general, comparison between the Poisson cell and digital 

computer results indicates that the trajectories are quite similar. 

The discrepancies which do exist are mostly attributable to the diffi- 

culty in simulating accurately the space-charge densities in regions 

where electron trajectories intersect.  In such regions the manner in 

which the space charge is represented greatly affects the subsequent 

motion of the electrons. The difference in the initial conditions 

(i.e., initial position and velocity) which are used in the two methods 

generate some difference but as indicated in Pig. k.l and k.2  these are 

not significant. At least this is true when the electrons are restricted 

to leave the cathode only in the normal direction. 

4.3 Abbreviated Kino Gun Investigations 

As described previously, t le Kino short gun flow results in a theo- 

retical infinite space-charge den ity at a t ■ 2x along a trajectory. 
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Although such densities cannot be achieved in practice, it does indicate 

the possibility of beam instabilities in the vicinity of the 2JC point. 

This difficulty can be circumvented by terminating the gun design prior 

to the critical region.  Such an abbreviated Kino short gun is illus- 

trated in Fig. U.5 which also includes the theoretical trajectories. 

The upper beam boundary electron reaches the gun exit plane at a) t = 280° 

and the lower edge electron at a) t = 2UÖ0. c 

The anode-sole  region  is designed to match as closely as possible 

the conditions  in the exit beam with those required for rectilinear, 

Brillouin flow.    The analysis of the theoretical gun and the matching 

conditions are presented in Appendix C.     For the configuration of Fig.  U.5 

the cathode width Is 2.54 x 10*3 meter while the anode-sole spacing is 

4.7Ö x 10'* meter.    The anode and sole are also tilted approximately 

8.5° with respect to the cathode.    The operating conditions are 

B    =    300 gauss, 

cpD     =    3565 volts, 

qpf    =    2850 volts, 

9     = m     =0, ^c      Ys ' 

and a theoretical current density of J = 0.628 amp/cm2. 

The electron trajectories obtained from the space-charge-limited 

operation of the abbreviated gun under the above conditions are illus- 

trated in Fig. U.6 which also includes a theoretical trajectory for 

comparison. Although the individual trajectories are similar to the 

theoretical path, the flow is still quite nonlaminar.  The current density 

variation across the cathode is also illustrated in this figure and 

indicates that the emission from the rear edge is suppressed. The 
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emission Is greatest from the center portion of the cathode and drops off 

slightly at the front edge.  However, the average J value is approxi- 

mately 0.625 amp/cm2 which is surprisingly close to the theoretical 

design value of 0.628 amp/cm2. 

The low J value at the rear of the cathode and the relatively 
c 

sharp curvature of the trajectory for those electrons which are emitted 

from that region indicate that the average electric field in this region 

Is insufficient to allow either the proper emission density or the 

desired electron motion. A similar type of behavior was also pointed 

out in Chapter III for the Poisson cell analysis of the extended Kino 

short gun. 

Figure k,f  illustrates the trajectories obtained when the focusing 

anode was extended back parallel to the cathode from the gun exit plane 

and the front ramp electrode was lowered slightly. The combined effect 

of these changes is threefold: 

1. The trajectories in the beam are spread apart although the 

upper trajectory is still undesirable. 

2. The beam passes much closer to the focusing anode. 

3. The cathode current deasity distribution becomes extremely 

nonuniform with the emission from the rear being less than before and 

that fron the front being greater. 

The existence of nonuniform emission is not surprising but 

certainly the reduced emission from the rear of the cathode is unexpected; 

i.e., as mentioned earlier the operation of parallel-plane electron 

injection systems should result in reduced emission from the front of 

the cathode and not from the rear. This was attributed to the fact that 

the entire beam passes over the front portion of the cathode and thus 
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suppresses both the electric field and emission in that region. The 

contradictory effect observed in Fig. k.J  clearly demonstrates that 

the ramp electrodes and not the focusing anode are the controlling 

factors in the uniformity of emission from the cathode. Consequently 

by levering the rear ramp it should be possible to Improve the emission 

from the rear of the cathode. The modification in trajectories caused 

by the change in the front ramp electrode indicates that the beam shape 

can also be controlled by the ramps. 

Figure k.d  illustrates the results vhen the focusing anode was 

returned to its original position, the front ramp angle was increased 

to 19* and the rear ramp angle was decreased to 18.5°. The change in 

the rear ramp greatly improved the trajectory of the electrons emitted 

from that edge of the cathode. However, the front ramp slope was too 

large and resulted in the lower electron entering the beam in a non- 

laminar manner.  The most significant result, however, was the achieve- 

ment of increased emission from the rear of the cathode. The larger 

J values in this region cause an increase in the amount of space-charge 

which passes over the front edge. This condition in conjunction with 

the increased slope of the front ramp results in decreased emission 

from the front edge of the cathode. 

Figure 4.9 shows the effect of reducing the front ramp slope 

to 8°. The upper trajectories were essentially unaffected but the 

elections emitted from the front of the cathode were significantly lower 

which indicated that the slope was now too small. The emission was still 

nonuniform but the current density distribution was such that J was 

greater along the edges than at the center of the cathode. 
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Figure if. 10a Illustrates a well-defined beam which was obtained 

by Increasing the front ramp slope to 11°. The exit beam was slightly 

wider than the Brlllouln beam which Is compatible with the Interaction 

region conditions. The cathode emission was still slightly nonuniform 

although it was an improvement over the preceding runs. 

Figure 4.10b Illustrates the variation in velocity across the 

beam at planes B-B, C-C, and D-D. If the beam were exactly laminar, 

then the velocity gradient across the beam would equal a> as Indicated 

in the figure. As the beam leaves the gun region (plane B-B) the actual 

velocity gradient or beam slippage is approximately the desired Brlllouln 

value. However, the beam thickness is greater than the Brlllouln thick- 

ness indicating a deficiency of space charge within the beam. The     * 

velocity slip at two later cross-sections of the beam (C-C and D-D) is 

still approximately the same as the Brlllouln value although the beam is 

becoming narrower. This is caused by the slight angle at which the beam 

Is moving with respect to the sole and anode planes. The small space- 

charge density at the gun exit also is responsible for the decreasing 

beam thickness behavior. 

The interesting feature is the apparent ability of the beam to 

maintain the same velocity gradient at any cross-section even though 

the beam thickness is changing.  The above operating conditions satisfy 

the requirements of irrotational space-charge flow which will be discussed 

in the following chapter. It is shown there that the required behavior 

of Irrotational flow Is a velocity gradient of precisely CD across any 

transverse section of the beam. Thus -he above results are not completely 

unexpected. 

Figure k.ll  illustrates the results when the angles of the front 

and rear ramps were changed to Ik*  and 22.5° respectively.  The 
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trajectories were modified slightly resulting in a thinner, less laminar 

beam. The motion of the upper electron is such as to carry it into the 

beam at approximately the exit plane of the gun. The significant result 

of the modification, however, is the achievement of nearly uniform 

emission from the entire cathode. As indicated in Fig. 4.11 this current 

density is 0.820 amp/cm2. 

The above investigations clearly indicate that the space-charge- 

flow characteristics are strongly dependent on the shape of the ramp 

electrodes.  In particular, it is possible to obtain either uniform 

cathode emiseion or nearly laminar flow simply by modifying the ramps. 

However, the simultaneous achievement of uniform emission and laminar 

flow is not possible without additional modifications involving the 

focusing anode structure. 

One of the questions which frequently arises concerning the 

operation of thermionic cathodes is the effect on the electron beam 

when a portion of the cathode becomes incapable of emission. Utilizing 

the geometry of Fig. 4.10 this problem was analyzed by first considering 

zero emission from the front edge of the cathode (Fig. 4.12) and  then 

from the rear edge (Fig. 4.13).  In Fig. 4.12 the absence of emission 

from the front edge has not affected either the trajectories or the 

J values along the rear of the cathode.  However, those electrons 

which leave the front portion of the reduced cathode are significantly 

modified with the trajectories being lower and the J values appreciably 

greater. Both of these results are a direct consequence of the absence 

of space charge from the lower edge of the original beam. 

When emission from the rear edge disappears, the trajectories and 

cathode current densities are affected throughout the beam.  This, of 
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course,  results from the fact that those electrons from the rear of the 

original cathode passed over the entire emitting surface.    Consequently 

their absence causes the trajectories to be somewhat higher and more 

closely spaced and forces J    to assume a maximum value on the left and 

decrease to a minimum on the right.    However,  in both Fig.  k.12 and 

4.13 the beam configurations are nearly the same as the Pig.  If. 10 

case thus indicating that the beam optics is not appreciably affected 

when certain portions of the cathode become inactive. 

k.h   Potential mniwum Investigations 

The preceding electron beam configurations generally have been 

obtained based on space-charge-limited conditions at the cathode.     Por 

this situation the electrons are assumed to be emitted normal to the 

surface with zero initial velocity.    A more accurate representation of 

the true physical picture requires the consideration of a potential 

■iai— region adjacent to the cathode.    This is a much more difficult 

problem to handle and involves the emission of electrons with finite 

initial velocities.     In general, the thermionic emission of electrons 

from a heated cathode  is described In terms  of a Maxwelllan distribution 

function for the Initial velocities. 

A digital computer analysis of the above problem Involves a 

two-step procedure.    First, the motion of the various Initial velocity 

electrons In the potential minimum region must be evaluated.    The 

velocity components and relative z-displacements of the electrons at a 

given plane beyond the potential minimum are then used as the initial 

conditions for the computer program which determines the electron motion 

in the remainder of the gun region. 
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The potential minimum region is simulated by assuming a voltage 

distribution given by 

o ' 

where    cp      ■    voltage at the potential minimum = -0.05 volt, 

y      =    distance from cathode to minimum « 1.71 x 10"0 meter, and 
'm ' 

J  = cathode current density ■ 0.887 amp/cm2. 

The gun configuration of Fig. 4.10 was selected as the model for investi- 

gation with a magnetic field of 300 gauss. 

The cathode temperature was assumed to be 1100oC which resulted 

in an equivalent voltage of 0.12 volt. The existence of a Maxwellian 

velocity distribution for the electrons leaving the cathode requires 

the analysis of various classes of initial energy electrons. The object 

of such em investigation is to evaluate the effect of initial velocity 

on the subsequent electron trajectory. 

Consider now the evaluation of electron motion corresponding to 

emission from the cathode in a normal direction but with different 

initial velocities. Figure U.lJ+a illustrates the trajectories in the 

potential minimum region for those electrons with initial energies of 

0.08, 0.10, 0.12, 0.14, 0.16, 0.18 and 0.20 electron volts. The velocity 

components at a fixed plane (not shown) beyond the minimum are used as 

the initial conditions for determining the trajectories in the gun region 

which are shown in Fig. 4.14b.  Obviously the electrons follow essentially 

the same trajectory and hence have approximately the same kinetic energy 

at a given z-plane. The only major difference in the trajectories is 

the time required for the electrons to travel a given distance as indi- 

cated in Fig. 4.14b. The designated points (t , etc.) indicate the 
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0 0.2 0.4 0.6 0.8 1.0 

z (IG"5 fiMttr ) 

FIG.   U.ll»«    TRAJECTORIES IH THE POTHITIAL KIHIMUM RBGIOI FOR EIECTROKS 

EMITTED N(»MAL TO THE CATHODE WITH INITIAL ENERGY AS 

THE PARAMETER. 
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location of different Initial velocity electrons at specified times 

after emission from the cathode.  Neither the potential minimum by 

Itself nor the existence of different normal Initial velocities Is 

capable of producing any significant changes In the electron tra- 

jectories, at least not for Initial velocities vnlch are within a 

factor of approximately ten times the thermal velocity. 

The electrons emitted with the thermal energy of 0.12 electron 

volts but in different directions (-90°, -75°, -60°, -45°, -50°, -15°, 

0, +15°, +30* +45°, +60*, +75°) follow the potential minimum region 

trajectories indicated in Fig. 4.15-  Seven of the electrons are 

capable of traversing the potential minimum region.  In fact it is 

demonstrated in Appendix D that those electrons which are emitted in 

the range -56° < 0 < 46° are all able to proceed beyond y .  With 
m 

the data obtained fron the above potential minimum analysis as initial 

conditions (these conditions are evaluated at y = 2.11 x 10"4 meter 

which corresponds to the first matrix row of the regular gun program) 

the trajectories Illustrated in Fig. k.l6  are obtained in the gun 

region.  It is apparent that the presence of initial tangential velocity 

components is sufficient to force the electrons to travel along different 

trajectories.  In particular, comparison of the electrons emitted in the 

-45* and +45° directions results in a difference of kinetic energy at 

plane B-B of approximately IkO  volts. This is rather surprising in 

view of the fact that the electrons were emitted from the same cathode 

point and with the same value of initial kinetic energy.  However, it 

should be emphasized that the difference in kinetic energy is due to 

the different location of the electrons and is not indicative of any 

energy exchange by the electrons. 
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The existence of initial tangential velocity components is also 

responsible for the generation of a wider beam. Comparison of the 

indicated beam width at plane B-B with that which would exist if 

only normal velocity  components were present indicate that the width 

has been increased by nearly 35 percent. 

Figures 4.17a and 4.17b illustrate the trajectories for electrons 

with initial energy of 9 =0.25 volts. The increased energy has 

resulted in a greater number of electrons passing through the potential 

minimum region. Consequently, the electrons follow even more diverse 

paths than in the preceding case.  Calculations at plane B-B indicate 

that the -600 and +45° electrons now have a difference in kinetic 

energy of approximately 250  volts. The beam is also approximately 50 

percent wider than it is when only normal initial velocity electrons 

are considered. 

Figures 4.l8a and 4.l8b illustrate the effect of increasing the 

initial energy to q) =0.92 volt.  Although the trajectories are immensely 

different, it must be remembered that only a fraction of the electrons 

with a Maxwellian velocity distribution have an initial energy greater 

than 0.5 volt.  Consequently, there are only a relatively few electrons 

capable of following such trajectories. 

In general, as the initial energy of the electrons increases, the 

A9 interval for which electrons can reach the potential irnimum plane 

is increased. As the initial energy is reduced, A9 decreases until only 

those electrons emitted in an optimum direction 0  are capable of 

reaching y when qp = j(p j .  For the conditions being considered here, 

it is shown in Appendix D that 9  = -8.50« 

The above results vividly demonstrate the tremendous influence 

of tangential emission velocity components on the electron trajectories. 
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Whereas electrons emitted normal to the cathode all follow essentially 

the  same  trajectory (differing only In the time  required to travel a 

given distance),  those electrons vlth Initial tangential components 

are capable  of proceeding along completely different paths.    And yet 

in each case,  the total energy of the electron (potential energy minus 

kinetic  energy)  remains fixed at its initial value of ( |q|qp  ).    Thus, 

the difference in trajectories  is not caused by em energy exchange 

mechanism, but rather comes about because of the difference in location 

and direction of motion of the different 9 electrons when they reach 

the potential minimum plane.     Of course,  the spreading effect of the 

electron trajectories is also Influenced by the depth of the potential 

minimum region. 

A more quantitative description can be obtained if the potential 

in the beam is considered to be a function of the y-coordinate only 

(as  in the Kino theory).    Thus,  it is possible to write 

| » y2   -   |q|q>(y) -1» «f y2 * si Py   - ">cy PZ     >      U-5) 
o o 

where p  and p  are the initial values of the linear momentum com- 
"y     z 
'o     o 

ponents at the cathode given by 

P   «my  , 
*y       'o ' 
'o 

and 

p   « m z  . (J+.J0 
o 

Equation 4-3  is simply the energy equation which can be derived from 

the Hamlltonlan formulation presented in Chapter V.    The difference 

in the y-component of kinetic energy caused by initial tangential 
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velocities appears in the last term, a) y p .  Thus, at a fixed y-plane, 
o 

electrons will have different y depending on the magnitude and sign of 

p .  However, if one assigns typical values to y and  p  the results 
o o 

indicate very little difference in the corresponding y values. In fact, 

as mentioned above, the difference at any point will only be given by 

the difference in the op of the electrons at the cathode. This is 

simply another statement of the fact that the initial thermal energy 

is inconsequential when compared with the total energy of an electron 

at a given point remote from the cathode.  .'he true importance of the 

initial tangential velocity is the appreciable change which it imposes 

on the electron trajectory. 

The significance of tangential emission velocity components has 

been pointed out by Twiss34 and Lindsay21 in earlier investigations. 

Twiss analyzed the linear magnetron and  showed that the tangential 

velocities exerted a much greater influence on the electrons than did 

the normal velocity components.  Lindsay has suggested that the excess 

anode current observed in a magnetron operating beyond cut-off can be 

at least partially explained in terms of the initial tangential velocity 

effects.  In other words, he contends. that it is not necessary for an 

electron to gain energy in order to reach the anode of a cut-off mag- 

netron. This conclusion is supported by the above computer studies 

which show that electrons emitted in different directions are capable of 

reaching greater distances from the cathode. Thus, for the situation in 

Fig. ^.17* the electrons emitted in the -60° direction would be capable 

of reaching the anode of a magnetron which is appreciably beyond cut- 

off even though they would not have gained any energy beyond that which 

they had upon emission from the cathode.  Consequently, as Lindsay 

suggests, it is indeed possible for a cut-off magnetron to theoretically 
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recelve current even though energy is conserved. The mechanism which 

allows this Is the sorting of electrons by the potential mini—i region 

so that electrons are able to follow completely different trajectories. 

However, the magnitude of excess current which can be explained by this 

mechanism Is difficult to predict. 

The Initial velocity effects also Indicate why It Is theoretically 

Impossible to achieve a Brillouin beam from a thermionic cathode.  In 

other words, electrons passing through a common point In the Interaction 

region may have velocities which differ according to their thermionic 

emission energies.  For emission normal to the cathode, however, the 

beam would still be very close to the theoretical Brillouin flow since 

the emission energies are small compared to the velocities In the beam. 

For this case, the electron trajectories are essentially the same. How- 

ever, the presence of tangential components of Initial velocity result 

In much wider beams because of the appreciable difference In electron 

trajectories. The space-charge density probably tapers off gradually 

from the value In the main body of the electron stream, thus resulting 

In poorly defined beam boundaries In the interaction region. 



CHAPTER V.  BLBCTRON BEAM CHARACTERISTICS III 

THE ANODE-SOI£ REGION 

^.1  Introduction 

The d-c characteristics of an electron beam moving through the 

anode-sole region of a crossed-field device are dependent on the manner 

in vhich the electrons enter the region.  For example, the achievement 

of rectilinear flow requires that the electrons enter moving parallel to 

the electrodes, and that there is a constant space-charge density in the 

beam as well a« a linear velocity variation across the beam. It is also 

necessary that the beam be properly located with respect to the anode 

and sole electrodes. 

When the ideal entrance conditions are not satisfied, the electrons 

deviate from linear trajectories.  The more complicated motion is usually 

of an undulatory nature with variations occurring at approximately the 

cyclotron frequency.  When space-charge effects are negligible, the 

motion of the electrons through the interaction region can be described 

analytically once the entrance conditions are specified.  However, when 

space-charge effects are appreciable it is no longer possible, in general, 

to describe the motion of the individual particles.  In many cases, how- 

ever, it is possible to obtain a qualitative description of the beam in 

this region. 

The purpose of this chapter is to present the basic equations 

which describe the behavior of charged particles in crossed electric and 

magnetic fields.  These results are then applied to the investigation 

of theoretical electron beam configurations which can exist in the anode- 

sole region of a planar M-type device. 

-125- 
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$.2 Electron Motion In the Anode-Sole Region 

The motion of electrons can be conveniently expressed In terns of 

the lAgrangian for a charged particle In an electromagnetic field, 

L = lmV'V-qq)+qA*v, (5-1) 

where v ■ electron velocity, 

cp ■ electric scalar potential, and 

A > magnetic vector potential defined by V x A = B. 

In the derivation of this expression It Is assumed that the force field 

acting on the electrons Is conservative. 

The component equations of motion are derived from the Lagrange 

equations 

Where q. represents any one of the generalized coordinates. The 

present Investigation Is concerned with the behavior of electrons in 

the crossed-field device Illustrated In Fig. 5.1. The analysis will be 

restricted to two dimensions so that the variation of quantities in the 

x-direction will be Ignored. The magnetic field is uniform in the 

A   A 
x-direction, B » x B, and thus 

A    =    z B y    , (5.5) 

where A has been arbitrarily selected as zero at the cathode, y » 0. 

The expression for the electric potential (9) depends on the space-charge 

density and generally Is a function of both y and z.    Therefore the 

Lagranglan Is given by 

L    -    ^ m (y2 + z2)  - q (p(y,z)  + q B y z (5.^) 
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and Eq.   5.2 becomes 

my     «    -q^B + qBz (5.5) 
dy 

and 

mz    -    -q|^-qBy    . (5.6) 
oz 

These are simply the components of the Lorentz  force equation for an 

electron moving through a crossed electric and magnetic field region. 

The difficulty In obtaining analytic  solutions arises because dtp/by and 

dcp/dz cannot be evaluated until the problem is solved;  i.e., cp depends 

on the space-charge density which in turn depends on the trajectories 

of the electrons comprising the flow.     Consequently the solution to Eqs. 

5*5 and 5*6 must be consistent with the potential distribution.     In 

general this requires the use of a system similar to the PoiaRon cell 

described in Chapter III. 

Although an analytic expression for the electron motion is not 

possible in most cases,   it is possible to obtain a qualitative descrip- 

tion of the beam by expressing the problem in the Hamiltonian formulation. 

The Hamiltonian  is defined as 

H (p^  <lL,  t)     »   \    ^ Pi   -  L i<lL>  4^  t)     , (5-7) 

1 

where p    is the  generalized momentum of the particle in the a    direction 

and defined ar 

A   dL 

Although the value of H is invariant, the proper formulation of the 

Hamiltonian requires that the q not appear explicitly but that they be 



-129- 

expressed in terms of p.   and q. .    A description of the electron motion 

is provided by the canonical equations of Hamilton 

and 

ii ■ i-; ^.8) 

- ^i   =  ^7   • (5-9) 
dqi 

Whereas the Lagrangian method gives n differential equations of the 

second order, the Hamiltonian formulation yields 2n equations of the 

first order.  (For the two-dimensional case being considered here, 

n = 2.) 

For the configuration of Fig. 5»1 the Hamiltonian can be written 

as 

H - is (py+ pf) - * B y pz+ ii(q B y)2 + q *(y'z) -    (5-10) 

Differentiating according to Eqs.  5.8 and 5.9 gives 

Pv    =    -13^    +qBz     , (5.11) 
y dy 

Pz     =     -   ql2    , (5.12) z oz 

Pv 
y - -t ' (5.13) 

and 

^ = IT - m B y • (5.1^) m       m 

Forming the square of Eqs. 5*13 and 5.1^ and differentiating with respect 

to time gives 

ft  [(Py)
2 + (Pz - qB y)2J +^(2q r. rp)  = o ,     (5-15) 
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which implies 

^  [Py  + (Pz  -  q B y)2]  + q (J>(y,z)     =    C       , (p.lb) 

where C ■ constant. 
i 

The left-hand side of this last equation is  simply H as given 

by Eq.   5«10«     Thus for a conservative  system 

H (y, z,  p  .  P_,  t)     =    constant (5-17) 

along any given trajectory.  In this case it is also true that H is 

equal to the total energy of the electron at any point. (The equiva- 

lence of the Hamiltonian and total energy is valid in any case where 

the potential energy of the particle is independent of the velocity.) 

If an electron enters the anode-sole region at y with p  / 0 
"^o 

and p  /^ 0, then 
o 

t: [P^ + (P - q B y)2] + q cp = C (5-18) 
CXBL     y    z i 

throughout this region.  If the beam enters with exactly the Brillouin 

conditions, then p  =0 and the electron will move along the y = y 

plane where the potential is <p . Thus the velocity becomes 

z = a) y + constant , (5*19) 

which is the familiar linear velocity variation across a rectilinear 

Brillouin beeun. 

If the beam de \ not enter with the proper conditions then the 

only statement which .'an be made is that the total energy (H) remains 

invariant along an electron trajectory.  This implies that the beam 
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undergoes undulatory motion so that for each electron y, p , p , and 9 
y ■ 

vary along the trajectory. 

Investigation of regular electron beams (i.e., those in vhich an 

electron at a given point can have only or.e velocity) leads to the 

Lagrange invariant 

/ 
p • ds = constant . (5*20) 

This states that the circulation of the total momentum around a closed 

path encircling the beam remains invariant along the beam.  The most 

interesting consequence of this theorem is that of an irrotational 

electron beam in which 

V x p = 0  . (5.21) 

Gabor35 has shown that the only requirement for irrotationallty is that 

there be no magnetic field normal to the cathode.  If this condition Is 

fulfilled, as it is in crossed-field devices, then at any point in the 

beam Eq. 5*21 will be valid. 

For the injected-beam device this leads to the expression 

dp     dp 
r-*  - r^    =  0   ^ (5.22) dy     dz 

or 

|i . |K . „   . (5.23) 
dy    dz c 

Once again the Brillouin condition of y = 0 gives a z-velocity variation 

of a) across the beam.  However, when the beam is not rectilinear c ' 

(y ^ 0) it is the difference in the y-and z-velocity variations 

which equals a> .  Thus the z-variation across the beam will be either 
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greater or less than cu depending on whether the beam Is decelerating 

or accelerating In the y-direction. 

If Eq« 5.25 Is written in vector notation It becomes 

V x v « x a)  . (5.2U) 

If y = 0, the situation Is as shown In Fig. 5«2a where 

7xv - 7x(zi) - x|^ (5.25) 
oy 

so that dz/dy ■ a> as before. However, if y / 0, then the situation 

is illustrated by Fig. 5«2b whereby 

Vxv - x|l (5.26) 
on 

and n Is the unit vector normal to the velocity vector of the electron. 

Therefore dv/dn « (i> and the condition of Irrotatlonal flow requires 

that the relative slip or velocity variation across the beam must be 

o> . This relationship has also been Indicated by Buneman3* in his 

work on crossed-field space-charge flows. 

The force Bqs. 5*5 and 5.6 can be written as 

&   -   lg- iBi (5.27) 

and 

H - ifl + lBJ . (5.28) 

Differentiation of Eqs. 5-27 and 5«28 with respect to y and z respec- 

tively, results in 

*-i   - ''^♦»c(IM) • (5.29) 
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ANOOE 

a) SOLE 

ANODE 

FIG.  5-2    ILLUSTRATIONS OF VELOCITY VARIATION ACROSS IRROTATIONAL 

ELECTRON STREAMS. 

(a) RECTILINEAR FLOW. 

(b) UNDULATING BEAM. 
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Equation 5-25 and Poisson's equation are then used to give 

•> - -^r -'-w • (5.50) 

This Is the space-charge density which an observer moving with the 

electron sees at each point along the trajectory. 

The current density Is 

J - P v (5.31) 

while the continuity equation requires 

V*J    -    0    -    pV'v+v'Vp     . (5.52) 

Therefore 

(5.55) 

so    that Eq.  5.30 becomes 

7 •   v v  •  V p 
P 

m 

€ CD2 

0 c ,    d    /v  •  Vp ) . (5.5*) 

If the space-charge density observed during the electron motion Is 

constant, then the  last term becomes zero and 

e a)2 

o c 
(5.55) 

Consequently, If the beam Is to have a constant space-charge density 

throughout the Interaction region (regardless of whether the beam 

moves linearly or undulates) its value must be precisely the firlllouln 

value as given by Eq. 5« 35« 

It should be emphasized that the preceding analysis has been 

concerned only with regular electron beams In which there Is a unique 
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velocity associated with each point in the beam.  Furthermore, the fields 

have been assumed to be conservative so that there is no energy gained 

or lost by individual electrons during their motion. 

The analysis of multi-velocity electron streams (i.e., more than 

one velocity possible at a given point) requires the application of a 

method similar to the one utilized by Hok37.  In his analysis the 

current density component in a given direction is given by 

J 
z 

= -q / p uz du  = - q pr u , (5.56) 

where  p(y,Z;U ,u ,t)  = electron density in k  dimensional ^i-space, 
y z 

(the variation in the x-direction has been 

assumed to be negligible and u has been chosen 

as zero), 

du = du du  « velocity volume element, 

u = expected value of electron velocity at 

(y,z,t), and 

P (y*z,t) = /p'lu = space-charge density at (y,z,t). 

u 

This problem, of course, is much more difficult 4 J handle. For example, 

the continuity equation of the single-velocity theory is replaced by the 

Boltzmann transport equation.  It is not the Intention to carry out the 

analysis, but only to indicate the procedure for such an investigation. 

^.5 Electron Beam Configurations in the Anode-Sole Region 

One of the problems of crossed-field devices is the determination 

of the various beam configurations which can exist in the anode-sole 

region. The following investigation qualitatively considers the possi- 

bility of achieving certain beam configurations. 
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Figure 5.3 Illustrates tvo examples of scalloped beams moving 

through the Interaction region. These beams have been analyzed by 

Waters14 who applied a paraxlal analysis based on small amplitude 

departures from the Brillouin flow conditions.  In Fig. 5»3a the 

electrons all enter the region parallel to the anode and sole electrodes 

but with a space-charge density less than the Brillouin value. The 

paraxlal method Indicates that the beam boundary is scalloped such 

that the average space-charge density Is equal to the Brillouin value, 

CD ■ CD . Figure 5^ illustrates the potential variation across the 

beam at the planes of maximum and minimum thickness as well as the 

Brillouin potential distribution. The Brillouin beam would be located 

between planes y and y whereas the entering beam is located between 
2     5 

y and y and the minimum thickness beam between y and y . The 
1    e 34 

electrons on the upper boundary of the entering beam have a velocity 

i ■ (2TJP )1'Z  which is greater than the velocity of the corresponding 
o 

electrons in the Brillouin beam i - (2i|tp )a^2.    Since the electric 
5 

field at the upper edge of the entering beam is less than at the 

corresponding Brillouin beam boundary, these electrons must curve 

downward due to the greater magnetic force, (q B z). The opposite 

conditions exist at the lower edge of the beam so that these electrons 

must move upward. Thus the beam is compressed until the space-charge 

density becomes great enough to spread the beam apart. This occurs 

at the minimum thickness where the potential distribution is such that 

the top electrons are forced up while the lower electrons move down- 

ward. The net result is the scalloped pattern described above. 

The beam in Fig. 5*5b enters with an excess space-charge density 

and thus is forced to spread apart until reaching a maximum thickness. 
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BRILLOUIN 
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BRILLOUIN 
BEAM 
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b) 

SOLE 

FIG. 5.5 SCALLOPED ELECTRON BEAM CONFIGURATIONS. 

(a) CURRENT DENSITY AT INJECTION PLANE IS TOO SMALL. 

(b) CURRENT DENSITY AT INJECTION PIANE IS TOO LARGE. 
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FIG.  5.^    POTEHTIAL VARIATIOHS FOR VARIOUS BEAM CC3IIFIGÜRATI0HS. 
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Ccxisequently the beam thickness varies in the same manner as In the 

above case. 

In the preceding section it was demonstrated that for irrotational 

beams, 

Thus for cases (a) and (b) where the electrons enter with v = z v , 

it is necessary that 

dv 
5^. «p (5.58) 

which leads to a voltage variation across the beam at the input plane 

of 

9 ■ 2§ (y + constant)2  . (509) 

This requires a space-charge density equal to the Brillouin value, 

■2^  . (5.^0) 

2 
-€ (XT 

Consequently the scalloped beam patterns of Figs. 5«5a and 5«3b are 

theoretically impossible to achieve if the space-charge flow is irrota- 

tional.  However, if the specified entrance conditions could be achieved 

in some manner, then one would expect to encounter the indicated type 

of behavior. 

It should also be mentioned that the possibility of experimentally 

observing the situations described by Figs. 5*5^ and 5»3b is extremely 

remote.  Such configurations require that the electrons enter the anode- 

sole region parallel to one another which is the same requirement as 

for Brillouin flow. The only difference between the entering beams is 
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the space-charge density variation and hence the velocity slip across 

the beam.    Consequently the establishment of the entrance conditions 

for the scalloped beams Is Just as difficult as the achievement of 

Brlllouln flow Itself.    However,  If a Brlllculn beam could be achieved 

In practice,  then the application of a perturbation might result In 

a scalloped type of beam. 

The present  Investigation has been restricted to configurations 

In which the beam sals remains at a fixed plane while the thickness 

varies periodically between the maximum and minimum limits described 

above.     If the  inveBtlgatlons are restricted to laminar flow (i.e., 

nonlntersectlng trajectories)  then there are additional beam configur- 

ations which are of Interest: 

1. C?he entire beam undulates through the interaction region and 

Its motion Is accompanied by a periodic variation of the beam thickness 

(Pig.  5-5). 

2. The beam undulates but the thickness remains unchanged (Fig. 

5.6). These configurations will be compared with the scalloped beams 

of Pig.  5.3. 

Case 1:    Beam location and thickness undergo periodic variations.    The 

total current  in the z-directlon is given by 

I    =    h   Jßiy,*) Uy,z)  dy    . (5.41) 
y-o 

Consider Fig.   5»5 and assume that the electrons at planes A-A and B-B 

have only z-directed motion.     Furthermore, assume that the space-charge 

density is uniform across these planes so that 

'A 'B 

PA   /^^    '    "B   f  H^    • (5-'*2) 
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Por Brillouln flow the velocity is given by 

z = ü>C (y + 2a) , (5.^3) 

where a is the distance between the lower beam boundary and the sole. 

Now assume that the electrons at A-A and B-B also have a linear velocity 

variation so that 

£A   = ^c (y + zyJ (5.WO 

and 

£B    =    ^c  ^y + 2yJ     ' (5.^5) 

Substituting these expressions into Eq. 5.k2  yields 

PA   '» (^ ♦ »Or ) rk        B x B 
PB ' /* ('. ♦ ^y j * a*  . (5.^6) 

If p. = Pn,  then /„ < i which implies that the configuration is 
AB      B   A 

similar to that displayed in Fig. 5*5* i*e., the beam has a minimum 

thickness at B-B and a maximum at A-A. If in > iA>  then p. > p_. i3    A        AS 

Case 2:    Constant thickness undulating beam.    This situation is illus- 

trated in Fig.  5*6 and the result is 

P. I + ky 

p i +4y 
B i 

The"above indicates that p. > p« since y > y . Notice that it is not 
AB        3    1 

possible for an undulating beam to have both constant thickness and 

constant space-charge density.     Consequently it is not possible for 
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an undulating constant thickness beam to satisfy the requirements of 

Irrotatlonal flow. 

Case 5: Scalloped beam at a fixed location. This case, described 

earlier In Fig. 5«3> has precisely the same equation as Case 1, 

It 1B obvious that the space-charge density at the narrow part of the 

beam must be greater than at the wide part. Thus a scalloped configur- 

ation would always involve a varying space-charge density along the beam. 

As pointed out earlier, such a beam is not compatible with the require- 

ments of irrotatlonal flow. 

5,k   Digital Computer Investigation of Injected Beeuns 

The preceding section Illustrates qualitatively the type of beam 

configurations which might be established under various operating condi- 

tions. To investigate this problem in more detail, a digital computer 

program was developed to analyze the situation wherein the beam conditions 

were prescribed at the anode-sole input plane. The computer solution 

provided a description of the beam during its anode-sole region motion. 

The initial conditions were selected such that the beam location, 

thickness and current corresponded to the laminar flow conditions described 

in Chapter II except that it was assumed that the beam was injected 

into the anode-sole region at a slight angle. The operating parameters 

were selected as cp » 1500 volts, d - 3.25 x 10"3 m and B ■ 350 gauss. a 

Figure 5*7 illustrates the case where the beam enters at 5° with respect 

to the z-axis (the y scale has been expanded to provide a clearer picture 

of the beam motion).  It is apparent from the figure that the beam 
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undulfttea at some frequency and its thickness varies with distance. The 

theoretical'variation of an electron trajectory in a space-charge-free 

field has a period 

Hh - nas* ^'k9) 

which for the above values gives L.. - l.jU x 10-2 m. The variations 

measured along the upper and lover beam boundaries respectively give 

L  - 1.1*9 x 10-2 m o 

and 

L£ - 1.25 x 10"2 m . 

Thus the upper boundary undergoes a slower spatial variation than the 

space-charge-free value while the lower boundary has a more rapid varia- 

tion. The reason, of course, is the fact that the space charge causes 

the field on the upper boundary to be greater than the space-charge- 

free value (<p /d) while that along the lower boundary is less. This 

unequal variation of the boundaries causes the lower surface to move up 

after its minimum before the upper boundary does. Consequently there 

is a shearing action which occurs around plane C-C where the thickness 

is significantly reduced. Thus the variation in thickness is a direct 

consequence of the different periods associated with the upper and lower 

beam boundaries. ^ 

It is possible to obtain a fairly good estimate of the period for 

the beam boundaries by using Eq. 2.2 for the electric field in a Brillouln 

beam which is given by 

(D2 

E  = . -£ (y + 2a) , (5.50) 
2      T 
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where a Is the distance from the sole to the lover boundary and y Is 

measured relative to this surface.  If Eq.. 5.50 Is assumed to be a good 

approximation for the beam of Fig. 5*7; then the average field encountered 

along the upper boundary can be written as 

ai' 

z* 
- f ( 7 + 2a ) (5.51) 

and along the lover boundary as 

CO* 

2- 
-f (Ä) (5.52) 

vhere a and i are the values averaged over a complete period. Sub- 

stituting these expressions Into Eq. 5.^9 gives 

L+ « 2« ( 7 + 2a ) (5.53) 

and 

L  - 2x ( 2ft ) » Uica . (5.5*0 

From Fig. 5.7 ä and 7 are found to be 1.0^ x 10"3 m and 0.23 x lO"3 m 

respectively vhlch results In the values L = 1.^5 x 10'2 m and 

L = 1.30 x lO"2 m. The corresponding values In Fig. 5'7 are L =1.^9 
o 

x 10"2 m and L' = 1.25 x 10"2 m vhlch Indicates that the above approxi- 

mations are fairly valid for predicting the period of variation of the 

upper and lover beam boundaries. Of course as the beam becomes more 

nonlaminar the approximations become less acceptable. 

Figure 5'8 illustrates the case vhere the electrons enter at an 

angle of -5°. The shearing action occurs sooner because the minimum beam 

position is reached at an earlier time. Hovever, for the same reason the 

shearing action is not as severe; i.e., the upper and lover boundaries 

have not had time to slip as much as in the 5° case. The corresponding 
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boundary periods again lie above and below the theoretical space-charge

free value; i.e., L : 1.43 x 10-2 · m and L' : 1.31 x lo-2 · m. Calculations 
0 0 

based on Eqs. 5.53 and 5.54 give L : 1.40 x 10-2 m and L = 1.24 x 10·2 m 
+ 

which also are in fairly good agreement. 

Figure 5·9 illustrates the beam configuration after a 10° entrance 

angle. The undulation is much more pronounced and results in a crossover 

point for the trajectories at the maximum shear plane C-C. At this ooint 

the electrons from the l~er boundary cross through the beam and ~ventually 

form the upper boundary while the original upper boundary electrons proceed 

along tht lower boundary. The boundary periods are L : 1.44 x 10-2 m 
0 

and L' : 1.30 x 10-2 m which are consistent with the previous results. 
0 

The calculated values are L : 1.51 x 10-2 m and L : 1.33 x 10-2 which 
+ 

are reasonably close to the measured values despite the larger beam 

entrance angle. 

Figure 5.10 shows t he beam after injection at -10°. As explained 

before, the shearing action is not as severe because the electrons reach 

the shear plane sooner. Thus in this case there is not an inversion of 

the beam after plane C-C. However, if the analysis were carried further 

(i.e., beyond planeD-D) the beam would become completely nonlaminar just 

as in the preceding case. 

The above results illustrate quite vividly the fact that the 

e~trance conditions are extremely critical in affecting the laminarity 

of the beam in the interaction region. Injection with anytti ng but the 

ideal Brillouin conditi ons will result in an undulating beam which is 

subjected to a strong shearing force. The r esult i s a nonl aminar flow 

with the degree of nonlaminar~ty being determined by .the i njected beam's 
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deviatlon from the Ideal conditions at the entrance plane. In many cases 

the experimental data of Chapter VII Indicate beam configurations which 

have a strong resemblance to the above computer profiles. 



CHAPTER VI.    EXPERIMENTAL ELECTRON BEAM ANALYZING SYSTEM 

6.1 Introduction 

The electron beam analyzer was designed for the experimental 

Investigation of the space-charge-flow characteristics In electron 

tubes. The analyzer has been used to study the beam forming capabili- 

ties of electron Injection systems, the gross characteristics of electron 

beams, and the detailed properties of the electron trajectories which 

comprise the flow. The system has proven to be extremely valuable both 

In the design of electron guns and In improving the understanding of 

crossed-fleld space-charge flows. 

A description of the various components of the beam analyzing 

unit Is presented below. Since a majority of the crossed-fleld studies 

Involved the experimental Investigation of electron beams formed by the 

extended Kino short gun, a discussion of Its construction Is also In- 

cluded. 

6.2 Crossed-Fleld Electron Beam Analyzer 

Any system whose function Is to Investigate the characteristics 

of electron beams requires four basic units: 

1. A pumping system capable of achieving a good vacuum, 

2. A base plate and bell Jar unit within which the experimental 

device is located, 

3. A movable electron beam analyzing unit, and 

k,    A mechanical system for driving the analyzing unit. 

Each of these units is Indispensable for the Investigation of space- 

charge flows. 

-155- 
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The pumping system Illustrated in Fig. 6.1 consists of a l8o 

liter/sec ion pump, sorption pump, mechanical fore pump, and associated 

valves. The system is connected to a base plate which is actually a 

box-type enclosure. Valves A and B are high vacuum bellows valves used 

to isolate the ion pump from the roughing system while valves C, D and 

E are used to provide an air inlet into the bell Jar and to bypass the 

fore pump in order to process the sorption pump. Valve F is a high 

vacuum valve which allows the ion pump to continue operating even when 

the bell Jar has been removed from the base plate. Viton gaskets are 

used in the high vacuum valves and for the bell Jar seal. Most of the 

experimental investigations were carried out at pressures of less than 

-7 
5 x ID  torr. 

Figure 6.2 Illustrates the relative arrangement of the bell Jar, 

base enclosure and mechanical system. The experimental tube, which 

consists of em electron gun and planar anode and sole electrodes, is 

attached to the stationary base plate. The measuring system Is mounted 

on the movable center pedestal which is brought into the base through a 

2-1/2 inch flexible bellows. The mechanical stage is capable of 3 inches 

of motion in the z-direction, 2 inches in the x- and y-directions, and 

rotation about the x- and y-axes. 

Three sides of the base enclosure are used for mounting eight 

high current feed throughs and two 7-pin feed throughs. The system is 

pumped through a 6-inch diameter pipe caning out of the fourth side of 

the base. 

Figure 6.5 is a photograph of the entire assembly. The ion pump 

supply is mounted in the top left hand panel while the a-c supply for 

the cathode heater filaments is located in the center panel. The control 
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MEASURIN6 SYSTEM 

MOVABLE PEDESTAL 

TUBE UNDER INVESTIGATION 

6"DIAM. PIPE 

ENCLOSURE 

[ 

VITON GASKET 

— BASE   PLATE 

0 © © Gr> 
n 
n BELLOWS 

TILT PLATE 

TILTING 
MECHANISM 

II 
x-AND y-OISPLACEMENT 

MECHANISM 

z-DISPLACEMENT 
MECHANISM 

FEED THROUGHS 

TABLE  TOP 

FIG. 6.2   DIAGRAM ILLUSTRATHIG THE RELATIVE LOCATIOH 

OF THE VARIOUS COMPONENTS. 
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whecl above the filament supply is the gear drive control for the 

t-notion of the mechanical stage. 

Figure 6,k  is a close-up viev of the special necked-down bell 

Jar design which allows the magnet pole piece gap to be kept to a 

reasonable value. The normal spacing is 6-1/2 inches for which mag- 

netic fields in excess of 700 gauss are easily achieved. 

Figure 6.5 illustrates the relationship between the mechanical 

stage, flexible bellows and base enclosure. The x-and y-translation 

controls and tilting mechanism are clearly displayed. The two 7-pin 

feed throughs located in the front side of the base are also visible. 

Figure 6.6 is a photograph of the tube and grid wire assembly. 

The tube, which consists of an extended Kino short gun and planar anode- 

sole region, is bolted to the stationary base plate. The anode and 

sole electrodes are connected by four ceramic rods which are also 

attached to the top and bottom supporting plates. The original anode- 

sole spacing vas 0.128 inch but later was increased to 0.188 inch for 

the aperture measurements. The sole electrode included two 0.030 inch 

rails spaced 0.690 inch apart. These rails help in preventing the beam 

from spreading in the x-direction and moving out of the interaction 

region. The collector is a V-shaped copper block which is connected to 

the other components by two ceramic plates. 

The grid assembly, which is illustrated in Fig. 6,J,  consists of 

ten parallel 0.003 inch diameter t ngsten wires stretched across a frame 

which is mounted on the movable center pedestal. The wires are positioned 

in grooves cut into ceramic supports located at each end of the wires. 

Each wire is terminated by welding to a thicker L-shaped wire which acts 

as a spring to maintain the grid wires under tension. The other end of 
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TUBE  S   TESTING 
APPARATUS 

MAGNET   POLE 
PIECE 

BELL JAR 

MAGNET SUPPORT 
PLATE 

MAGNET POLE 
PIECE 

FIG. 6.4    ILLUSTOATKir OF CCMPCMEHTS OP THE 

CROßSED-FIEID BEAM AHALTZER. 
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FIG.  6.5      MECHANICAL MOVEMENT STAGE 
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FIG. 6.6    CROSSED-FIELD DEVICE LOCATED WITHUf THE SPECIAL 

BELL JAP OF THE BEAM ANALYZER. 
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FIG.  6.7    GRID WIRE ASSEMBLY FOR HflERCEPTDiG THE EI£CTRCK BEAM. 



each wire is connected to one of the terminals on the 7-plQ feed 

throughs. Thus the application of voltages to the various vires c&.. be 

easily performed on the external base plate panel. 

Figure 6.8 provides a view of the grid wires located in the anode- 

sole region and in position to intercept the electron beam. For the 

crossed-field investigations the motion of the grid wires was restricted 

to the z-direction (i.e., parallel to the anode and sole electrodes). 

The grid was capable of approximately 1.2 inches of motion through the 

interaction region starting at the gun exit plane. The grid wires were 

biased at different potentials by connecting them to a resistance network 

as illustrated in Fig. 6.9« 

The aperture system, which is not shown in the above photographs, 

is located approximately 0.005 inch behind the grid wires as indicated 

in Fig. 6.10. The system is composed of a 0.010 inch molybdenum beam 

intercepting aperture plate and a parallel molybdenum deflection plate 

spaced 0.020 inch away. A 0.004 inch diameter opening in the aperture 

plate allows a small portion of the beam to enter the deflection region. 

The motion of the electrons in this region is controlled by the voltage 

difference between the two plates. In particular, the capability of the 

electrons in reaching the deflection plate depends on their entrance 

velocities and the voltage difference between the two plates. These 

relationships are discussed in more detail in Appendix F. 

6.3 Extended Kino Short Gun Design 

Figure 6.11 illustrates the extended Kino short gun assembly. 

The configuration is identical to that which was analyzed on the Poisr>on 

cell and described in Chapter III. The extension of the gun beyond the 

usual cut-off plane was motivated by the experimental results of Midford 
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FTG. 6.8   GRID WIRE ASSEMBLY LOCAIED IS POSITICW 

TO HfTERCEPT THE BEAM. 
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whlch indicated that such a change was capable of improving the beam 

characteristics. 

The focusing anode, which is located along the theoretical 

♦ = 25 equipotential, is made of molybdenum. It is attached to a 

copper block which is connected to the anode and top support structure 

by means of two ceramic plates. 

The contour of the upper portion of the cathode block is a repro- 

duction of the zero eqviipotential curve frcm the Kino theory. These two 

curved surfaces eure referred to as the front and rear cathode ramp elec- 

trodes. The block is made of oxygen-free-high-conductivity (OFHC) copper 

Just as are the sole, anode and collector electrodes. The cathode block 

is attached to the sole and bottom supporting structure by ceramic plates 

in exactly the same manner as the focusing anode is connected to the 

anode and top support plate. 

The cathode-heater assembly for the extended gun is illustrated 

in Pig. 6.12. The design has been quite successful in allowing relatively 

troublefree operation of the cathode over a long period of time. A 

sapphire rod is passed through the center opening of the helical heater 

filament to keep it properly aligned with respect to the cathode. The 

cathode itself is em impregnated tungsten bar (0.050 inch square by O.UOO 

inch long) which is welded to the molybdenum shield by means of two tung- 

sten wires. The heater and sapphire rod lie within the shield so that 

the proper operating temperature of 1100*C can be achieved at a reasonable 

heater power of approximately 25 watts. 

The two tungsten wires which support the cathode and shield, as 

well as the sapphire rod and heater leads are fitted through appropriate 

holes in 0.030 inch thick ceramic wafers mounted on the two ends of the 



-169- 

1. Cathode 
2. Cathode Block 
5» Molybdenum Lining 
k.    Tungsten Wires for Supporting 

Cathode and Shields 
5. Molybdenum Shield 
6. Sapphire Support Rod for 

Heater Filament 
7«    Uncoated Heater Filament. 

FIG. 6.12   CROSS-SECTIONAL VIEW OF CATHODE ASSEMBLE. 
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cathode block. This method of supporting the conponents allows then to 

expand freely through the holes as the assembly heats up and yet main- 

tains them in the proper position relative to the cathode block. The 

problem of electrical shorts between various components has been success- 

fully eliminated by this design. 

The experimental operating characteristics of the gun are described 

in the next chapter. This is followed by the discussion and interpretation 

of the anode-sole region beam interception data. 



CHAPTER VII. EXPERIMENTAL INVESTIGATIONS 

7.1 Introduction 

The experimental investigation of crossed-fieId space-charge 

flows can be separated into two general classifications : 

1. Evaluation of the electron gun behavior under various operating 

conditions. 

2. Determination of the beam characteristics in the anode-sole 

region. 

The two investigations, however, are not completely independent since 

the space-charge characteristics in the anode-sole region are determined 

to a great extent by the quality of the beam which is ejected from the 

gun. 

The electron gun investigation is primarily concerned with an 

evaluation of the effects of the magnetic field and focusing-anode volt- 

age on the cathode current, focusing-anode current, high-voltage anode 

current, and collector current. The experimental results are discussed 

and compared with the predictions of the Kino theory. 

The Investigations of the beam in the anode-sole region are con- 

cerned with two general areas of interest. One deals with the gross 

behavior of the beam during its anode-sole Journey which involves a 

consideration of the general characteristics of the space-charge flow. 

In particular, the beam location, thickness and average space-charge 

density are investigated as a function of the z-position. This information 

is quite useful in optimizing the design of crossed-field electron devices. 

The other area of interest is concerned with the microscopic 

description of the space-charge flow. In this case a small section of 

-171- 
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the beam Is examined In more detail with the Intention of determining 

the velocity distribution of the electrons. These Investigations also 

. - vj. ide Information concerning the space-charge density and current 

density In the beam as a function of position. 

The experimental Investigations were all carried out utilizing 

the beam analyzer described In the previous chapter. In a majority of 

the work the extended Kino short gun was used as the beam injection 

system. 

7.2 Bxperlaental Behavior of the Extended Kino Short Gun 

The basic gun geometry Indicating the voltages applied to the 

various electrodes Is Illustrated In Pig. 7*1* The anode and collector 

are held at ground potential while the cathode and sole are pulsed 

between ground and a negative voltage V . The pulser generates a 100 

IA second pulse at a repetition rate of 100 pulses per second. The 

focusing anode is biased to V» by means of a d-c supply. 

The cathode current (lk)> focusIng-anode current (lf), anode 

current (l ), and collector current (I ) are plotted as a function of 
ft c 

the magnetic field In Fig. 7 •2a. The focus ing-anode voltage and cathode 

voltage were fixed at -500 volts and -Ikyi  volts respectively. The 

cathode current remains fairly constant for low magnetic field values 

bur decreases quite rapidly as the magnetic field Is Increased. This 

type of behavior Is quite well-known and Is the result of reduced emission 

from the front portion of the cathode. In other words, as the magnetic 

field Is Increased the electrons leaving the left-hand section of the 

cathode pass closer to the front section thus Increasing the space-charge 

density In this region and decreasing the emission. 
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FIG.    7.2   EXPERIMEHTAL VARIATION CF CURREHTS WITH 

MACaiETIC FIEU).     (V    = -IU50, Vf =  -5CX)) 
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I remains essentially constant until the cut-off magnetic 

field is reached at wnich point it decreases snarply to zero. This, 

of course, is a direct cons quence of the increased magnetic field 

causing the beam to bend until it is no longer intercepted by the 

focusing anode. Simultaneously with th» decrease in I the collector 

current rises abruptly as indicated in Fig. 7-2a. The' expected 

behavior of I would be a smooth increase to a maximum value before 
c 

decreasing as a result of the reduction in I. . This is essentially 

the pattern followed by I except for a slight depression which occurs 

shortly beyond the maximum I value (i.e., at approximately B = 375 

gauss in Fig. 7.2a). At this same point, I rises abruptly to a relative 

maximum before decreasing again as the magnetic field is increased. 

The above phenomenon can be explained by considering the cycloidal 

nature of the electrons in the gun region. As the magnetic field is 

increased, the curvature of the beam increases until eventually some of 

the electrons strike the front ramp electrode while otners reach a 

position very close to that electrode. Those which strike the ramp cause 

secondary electrons to be emitted and these are immediately drawn to the 

focusing anode. Those electrons which do not strike the ramp can also 

reach the focusing anode on their subsequent upward trajectory.  In either 

case, I_ has a relative maximum and I a corresponding relative minimum. 

Figure 7.2b illustrates the percentage of cathode current which 

reaches the collector as a function of magnetic field for the above 

conditions. The maximum transmission is approximately 87 percent at 

350 gauss. This value was typical of the optimum results found for 

most magnetic field conditions. However, for a given magnetic field 

the transmission is obviously also a function of V and V.. 
c    f 
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The current variations for higner velocity beams were similar 

to the preceding results. Figure J.ja.  illustrates the curves obtained 

for V^ = -yP0 volts and V - -2U00 volts. The relative 1^. maximtan re r 

occurs at a higher magnetic field, approximately kju  gauss, which is 

consistent with the fact that the electric field is greater; i.e., the 

scaling constant (V- - V )/B2 which maintains the trajectories constant 

is 6.62 x 105 at the relative I. maximum point in Fig. 7.2a and 6.Ö2 

x lu5 in Fig. 7'^a« This implies that the relative increase in focusing- 

anode current beyond cut-off occurs under conditions for which the 

electron trajectories are essentially the same. Figure 7oh shows the 

transmission as a function of magnetic field with the maximum value 

being ^0 percent. 

The dependence of the various currents on tne voltage difference 

between the cathode and focusing anode (Vf - V ) is illustrated in 

Figs. 7«^ and 7«5 where each case involves different values of V^ and B. 

The cathode current appears to vary as (V. - V )2. This is demonstrated 

by the parabolic curves in the figures which were plotted according to 

the equation 

(Vf - vc)
2 

I - C ■► K   p ^   , (7.1) 

where C and K are constants. This variation agrees with the results of 

other experimenters17'38 who used simpler electron injection systems. 

Midford11 has stated that I varies linearly with (V- - V ) for the 
lv X    c 

Kino short gun, although this relation appears to be valid only in the 

vicinity of the design value of (Vf - V ). On the other hand he shows 

that the long gun cathode current has a (Vf - V )2/B variation. 
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The constants C and K In Eq. 7*1 were selected to fit the 

experimental data points In Figs, f.k and 7.5 and there Is no Indi- 

cation of the magnetic field range for which they apply.    However, 

Figs.  7*6 and 7*7 provide some idea of the region of validity of Eq.  f,l. 

The operating conditions are Identical to those of Fig. 7.^ except that 

B has been increased from 256 gauss to 315 gauss and 3&J gauss respect- 

ively.    The agreement between the theoretical parabolas and the experi- 

mental curves is quite reasonable and suggests that the (Vf - V )2/B 

variation of the cathode current is valid over a rather wide range of 

magnetic field values. 

The focusing anode in the experimental Kino gun is located along 

the theoretical curve for the normalized potential of *f = 25.    The Kino 

flow conditions require that the y-component of current density at any 

point be given by 

e (o2 

Jy    *   UW^    ((P/*)i/2    =    constant    , (7.2) 

where (p is the actual potential at the point and $ is the normalized 

value. Using this equation it is possible to compare the experimental 

currents with the theoretical predictions. However, this requires a 

knowledge of the voltage at a given point in the beam. 

The following procedure can be used to obtain an approximate 

solution for J . Starting with B = 0 the magnetic field is increased 

until If goes to zero which corresponds to the situation where the beam 

passes adjacent to the focusing anode but is not intercepted. Consequently 

the voltage at the top of the beam is approximately cpf which allows J 

to be computed from Eq. 7.2. For each q)f value a different cut-off 

magnetic field (B ) is required and hence also a different J . At the 
co y 
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same time the experimental cathode current densities (J. ) can be 

determined from the total emission. Figure 7-Ö illustrates the theo- 

retical J and experimental J, variations a;  function of B . The 
y     *^        k co 

curves are very similar although the experimental J. values do drop off 

somewhat at Ligher B  values. Nevertheless the results indicate that 
^   co 

in general the average cathode emission behaves according to the theo- 

retical relationship expressed by Eq. 7.2. 

The space-charge-limited Poisson cell analysis of the extended 

Kino short gun described in Chapter III resulted in an average cathode 

current density of 0.79 amp/cm2 for qp. = 15^ volts and E = 368 gauss. 

A few of the experimental studies were conducted under similar conditions 

and  are listed below for comparison: 

(8) yr    ■ 1500 volts, B = 352 gauss, average cathode current 

density ■ J  = 0.7^ amp/cm2; 

(b) 9  « 1500 volts, B = 370 gauss, J  = O.75 amp/cm2; and 

(c) cp  = 1500 volts, B = 387 gauss, J  = O.72 amp/cm2. 

Thus the experimental cathode emission is generally within 10 percent 

of the Poisson cell value. 

The beam analyzer investigations described in the following 

section allow the determination of the beam profile in the interaction 

region. Figure 7«9 illustrates such a profile where 90 percent of the 

beam current flows between the boundaries indicated by the triangles. 

The beam outline in the gun region was obtained from a Poisson cell 

analysis in which the scaling parameter cpf/B
2 = 9»76 x 105 was nearly 

the same as the 9«97 x 105 experimental value. These results indicate 

that the electron beam formed by the experimental gun is essentially the 

same as was predicted by the Poisson cell investigation. 
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70 Gross Characteristics of Electron Beams 

The grid wire assembly is located so that the ten wires lie in a 

plane which is transverse to the general direction of electron flow. A 

voltage is applied to each wire by connection to the eleven resistor 

network as indicated in Fig. 7-10. The currents intercepted by the 

various wires provide a description of the gross characteristics of the 

space-charge flow in the anode-sole region. As described previously, 

the grid assembly is mounted on the movable center pedestal of the beam 

analyzer thus allowing investigation of the beam over a z-interval of 

1.2 inches. 

The magnitude of current intercepted by a given wire depends on 

the current density at that point in the beam as well as on the potential 

difference between the wire and the corresponding location in the beam. 

If it is assumed that this potential difference is relatively small, then 

the currents intercepted by the wires provide a description of the beam 

profile. The variation of the beam profile throughout the interaction 

region can be observed by moving the grid system and monitoring the 

current Interceptions at the various cross sections. 

Figure 7*Ha illustrates the profile variations obtained for 

V ■ -IU25 volts, V ■ -500 volts and B « 352 gauss. It is obvious 

from this figure that the beam is undergoing periodic variation as it 

proceeds through the anode-sole region. r.?he behavior is illustrated in 

Fig. 7«lib where the /-location of the maximum current interception has 

been plotted for each z-position of the grid wires. The result indicates 

a distance of approximately 0.48 inch between successive maxima and 0.1*6 

inch between minima. The theoretical variation in a planar anode-sole 

region can be written as 
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2ä V 

Lth = -^dB^  ' (7-5) 

where V   ■ potential difference between the anode and sole, and 

d = anode-sole spacing. Substituting the appropriate values of 

Fig. 7.11 into Eq. 7.3 results in L . = 0.496 inch which is in 

reasonable agreement with the experimental values. 

Figure 7.12a illustrates the profiles at various z-locatlons 

for V = -1890 volts and B ■ 409 gauss. The solid curves represent 

Vf ■ -1100 volts while the broken curvf.. are for V = -1000 volts. 

Figure 7.12b is a plot of the y-location of the maximum current inter- 

ception as a function of the z-position of the grid assembly. The 

reduction in focusing-anode voltage from -1100 to -1000 volts has 

resulted in a more nearly laminar beam as indicated by the reduced 

amplitude of the maximum interception curve. In each case the experi- 

mental and theoretical periods are in good agreement as indicated on 

the figure. 

The undulation of the beam under high magnetic field conditions 

is illustrated in Fig. J.l^a.  and 7.13b where Vc = -2210 volts, Vf = -85O 

volts and B = 590 gauss. Obviously the strong magnetic field has caused 

the beam to travel rather close to the sole such that at its minimum 

location very little current strikes the grid wires. Once again there 

is good agreement between the theoretical and experimental values of the 

period. The figure also seems to imply that the amplitude of the beam 

undulation decreases as the beam moves away from the gun exit plane. At 

the same time the maximum current intercepted at any cross section is 

observed to increase with z. This implies either an increase in the space- 

charge density or in the beam velocity. However, the behavior is not 
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sufficiently consistent to allow definite conclusions to be formed. 

For example, in Fig. 7.11 the exact opposite behavior was observed 

such that the maximum current interception decreased with z while 

simultaneously the beam became wider and less clearly defined. 

Figure 7.1^ (Vc = -1450, Vf = -500, B = 335) presents a rather 

interesting situation wherein the beam moves through the interaction 

region at a nearly fixed location and with approximately the same 

profile at each cross section. The variation of tne maximum profile 

point illustrated in Fig. 7-1^ shows that the beam undulation is 

extremely small. The above results imply that the transition from 

the gun to the interaction region is fairly smooth and furthermore 

that the electron velocities at the gun exit plane are nearly  equal to 

E/B, the value required for linear flow. Assuming a narrow beam with 

negligible space charge located as illustrated in Fig. 7.14b, the 

electric fields in the two regions are given by 

E at gun exit = 4.85 x 105 volts/m 

and , , 

E in anode-sole region = 4.45 x 105 volts/m. 

The velocity of the electrons is found to be 

v = 1.25 x 107 m/sec , 

whereas the E/B in the interaction region is 

E  /B = 1.33 x lO7 m/sec . 
a* s 

Although the velocity of the electrons entering the anode-sole region is 

slightly less tnan the desired value, the tendency of the beam to move up 

because of this condition is counteracted by the fact that E   < E xit 

which tends to move the beam down. Tnus the net result is an approximate 
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balance between the electric and magnetic forces so that the beam undula- 

tion Is relatively small. 

The results of Fig.  7 «150 were obtained when the voltages and 

magnetic field were increased to V    = -I765, V    = -660 and B = 465.    The 

beam experiences a pronounced undulation during its motion through the 

anode-sole region as indicated in Fig.  7.15^.    Performing the same 

calculations as above results in 

Eexit    =    ^"^ X 105 volt6/B1> 

E =    5.42 x 105 volts/m, 

v    =    1.02 x 107 m/sec, and 

E      /B    »    l.l6 x 107 m/sec. 

The reason for the undulation is  imnediately obvious.    The velocity of 

the incoming electrons is less than the desired value while at the same 

time the anode-sole region electric field exceeds the exit plane value. 

Both of these conditions cause the entering electrons to mo\e in an upward 

direction, a result which is substantiated by Fig.  7«15b. 

Figures J.lSa and b Illustrate the results when the voltages and 

magnetic field were increased still further to V    = -2000, V    = -750, and 

B ■ 578.    The behavior of the beam is similar to that of Fig.  7-15 insofar 

as the undulatory nature of the motion is concerned.    As in most cases the 

experimental and theoretical cycloidal periods are approximately the same. 

The above experimental results have been interpreted without 

considering the effect which the presence of the grid wires exerts on 

the beam.    This effect can be evaluated qualitatively by referring to Figs. 

7.17a and b which indicate the results when grid wire number k was dis- 

connected from the resistance network with V    = -IU90, V- = -500 and c r 

B = 552 (although wire k draws no current, the profiles are plotted as 
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if I f u. This is simply to improve the appearance of the curves).  It 
4 

is interesting to observe that the same type of behavior occurs as when 

wire k  is connected to the circuit in the usual manner. 

Figure 7«10 presents a detailed description of the'currents 

intercepted by wire 3 both with wire k  connected and disconnected.  The 

experimental points were obtained by moving the grid along the z-axis 

in increments of 0.01 inch.  The I variation is the same in each case 
3 

except that the magnitude of the intercepted current is greater with 

wire k  disconnected. This implies tnat the presence of the grid wires 

does not distort the beam as far as tne general configuration and 

periodic variation is concerned. The difference in the value of inter- 

cepted current comes about as a result of the potential on wire 3 being 

affected by the disconnection of wire h.    In other words, the magnitude 

of current interception depends not only on the current density but also 

on the difference in potential between the wire and the corresponding 

beam location. 

The experimental value of the cycloidal period is obtained by 

measuring the distance between alternate peaks of Fig. 7.l8 rather than 

adjacent peaks. The necessity of measuring L in this manner can be o 

explained by referring to Fig.  7.19»    The cycloidal curve describes the 

variation of the maximum profile point along the z-axis while the shaded 

area represents the beam configuration.    The straight line is the path 

followed by wire 3 as the grid is moved.    Although a complete cycloid 

corresponds to the distance between A and C, relative maxima of I    occur 
3 

at the three points A, B,  and C.    Thus the value rf L    is obtained by 

measuring the distance between the alternate peaks.    This type of behavior 

occurs whenever the maximum point passes tnrough the wire in question. 
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flowever, if the maximum point never reaches a particular wire the 

distance between two consecutive peaks represents the cycloidal period. 

Figure 7*20 is a plot of the currents intercepted by wires 2,  $, 

k,  5 and 6 for the case Vc = -2200, V. - -850 and B = ^8?. The theo- 

retical cylcoidal length is O.635 inch. The measurement of the appro- 

priate distances yields L values which are in good agreement with L . 

Notice that wires 2, 5 &nd 6 lie outside of the maximum interception 

region and thus the distance between successive peaks of I , I , and 
2   5 

I represents a complete period. However, the maximum point does pass 
o 

through wires 3 and k  so that alternate peaks measurements of I and I 
3      4 

yield the correct L   values. 
o 

It is difficult to obtain an exact description of the beam from 

the experimental data. However, if t.ie beam is defined to lie between 

those points whose intercepted current is 10 percent of the maximum 

profile point, then it is possible to plot a beam configuration in the 

anode-sole region.  Figures 7.21 through 7.26 represent typical beam 

outlines obtained in this manner. Each figure also includes the location 

and thickness of the Brilloui. beam which is compatible with the experi- 

mental voltages, current and magnetic fiele. 

In Fig. 7.21 the beam enters the anode-sole region below the 

corresponding Brillouin beam location. The beam width at the entrance 

plane is several times the theoretical value. The magnetic field for 

this case was relatively low {2ko  gauss) thus resulting in a rather long 

cycloidal variation. The tnickness of the beam remains nearly constant 

but its location does change slightly.  However, the variation is not 

sufficiently large to allow an accurate experimental evaluation of the 

period. 
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Figure 7*22 represents a situation which Is similar to the 

preceding except that the magnetic field was increased to 335 gauss. 

Once again the beam maintains a nearly constant thickness, which Is 

greater than the corresponding Brlllouln value, and experiences only a 

slight undulation during Its motion. 

Figure 7.23 Illustrates the situation of a pronounced beam undula- 

tion under the conditions V = -1490 volts, V = -500 volts and B = 352 

gauss. The beam Is much wider than for Brlllouln flow. The thickness 

also undergoes variation as the beam travels through the anode-sole 

region. It Is Interesting to observe that the variation of the maximum 

beam profile location Is nearly symmetrical with the theoretical Brlllouln 

beam. This Indicates that the beam enters the Interaction region at the 

correct location but with nonideal conditions: e.g., the beam thickness 

and direction of motion at the entrance plane do not fulfill the proper 

matching conditions for laminar flow. Consequently the beam unduDates 

about the Ideal Brlllouln position. 

Figure 7,2k  demonstrates the behavior of a beam which enters the 

anode-sole reglor far below the Brlllouln location. The effect of such 

an entrance Is to produce a greater electric field on the top edge of the 

beam thus resulting In the sharp upward curvature of the electron. This 

is followed by the usual cycloidal variation of the beam location. There 

Is also a pronounced beam thickness variation with the largest value 

occurlng when the beam Is at Its maximum height above the sole. The 

operating conditions for this situation were V = -I765, Vf ■ -66O and 

B « 295- 

Figure 7.25 Illustrates a similar behavior for V ■ 2010, 

Yf ■ -750 and B » 330. The beam enters the anode-sole region below the 
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Brillouin location and is immediately forced up toward the anode. The 

cycloidal variation of the beam thickness and location is readily appar- 

ent from the figure.  Again the beam has its maximum thickness when it 

is farthest from the sole. 

The operating conditions for Fig. 7*26 are the same as Fig. 7-25 

except that B has been increased to 350 gauss. The larger magnetic field 

has caused the beam to enter the anode-sole region at a lower position. 

It is also apparent that the beam always remains well below the theoreti- 

cal Brillouin location. However, the general configuration is similar 

to the preceding result. 

There are several methods for evaluating the approximate space- 

charge densities in the beam by using the data obtained from the grid 

wire current interceptions. Appendix E discusses the various methods 

one of which will be used here to evaluate the space-charge density 

variation along the beam, p is assumed to be constant across any 

transverse plane while z is considered to vary linearly as in Brillouin 

flow 

z = ü)c(y + 2a)  . (7.^) 

Then the average space-charge density at any cross section can be written 

as 

p = ho i(/ + k&)    I  ' (T-5) 

where h = beam width in the x-direction, 

I = beam thickness in y-direction, 

a = distance between beam and sole, and 

I = beam current. 
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The values of a and I at each cross section can be obtained from Flg.. 

7.21-7*26. Calculation of the p values results in the corves illustrated 

in Fig. 7*27. The p values are the Brillouin space-charge densities 

corresponding to the various magnetic field values. 

In every case (except b) the average space-charge density under- 

goes periodic behavior which is a necessary consequence of the variation 

of the beam thickness and location. The p values are usually less than 

the theoretical Brillouin values (except for case f). The maximum p for 

the various cases are: 

(a) *max/po = 0-53' 

(b) Wpo = 0-28' 
(c) W/Po   0-31' 
(d) Wpo * 0-66' 
(e) p  /p  - 0.62, and Hmax'Ko       ' 

These are average values and hence at some point in the beam for a given 

z  the maximum space-charge density could be greater. 

In appendix E it is shown that for variable space-charge density 

across the beam, given by 

p = Pm sin icy/i , (7.6) 

the peak space-charge density at any cross section can be written as 

pm ' ta)cl(l + U) 
I * (7-7) 

Thus p ■ x/2 p which results in values for the above situations of m 

p^p - O.85, O.kk,  0.U9, 1.0k,  0.97, and 1.8. Since the beam profiles 

illustrated earlier generally appear to have a maximum near the center 
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FIG. 7.27    VARIATIOK OF AVERAGE SPACE-CHARGE DBWSITY 

ALONG THE z-DIRECTION. 



of the beam, the sinusoidal variation of Eq. 7.6  is not an unreasonable 

representation. 

Although it is difficult to determine the accuracy of the space- 

charge densities calculated from the current interception data, the above 

results appear to be fairly realistic. They indicate that p is generally 

less than p although at the highest density points in the beam the values 

approach p . Case f indicates larger p values but the proximity of the 

beam to the sole for this case makes the measurements difficult to 

intrepret and hence leads to some question concerning the validity of the 

results.  In most cases the space-charge density is observed to vary 

periodically along the beam in much the same manner as the beam thickness 

and location. 

The configuration suggested by Figs. 7.21 through 7.26 indicate 

that the beam invariably is thicker than the corresponding Brillouin case. 

The location varies periodically while the thickness either remains 

approximately constant or varies in a cycloidal manner. Under no condi- 

tions was a scalloped beam obtained. This suggests that such a flow 

cannot exist in the anode-sole region of a device which utilizes the 

extended Kino short gun as the beam forming system.  However, the inser- 

tion of Mn r-f structure (e.g., an interdigital line) into the interaction 

region could theoretically make it possible to achieve a scalloped d-c 

electron beam. 

Th** gross beam characteristics provide experimental verification 

of several fundamental concepts which have been discussed in preceding 

chapters. That is, the nonlamlnar behavior of the beam in the interaction 

region can be produced by any one of the three conditions: 

1. The beam enters the anode-sole region at a location which 

differs from the theoretical Brillouin position. 
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2. The electric fields in the gun and anode-sole regions are 

poorly matched. 

y.    The fields are matched but the voltages are mismatched. 

Thesa last two conditions are a direct consequence of a poor transition 

region. This emphasizes the fact that the generation of nearly laminar 

electron beams is critically dependent on the proper matching of conditions 

at the boundary between the gun region and interaction region. 

However, even if the conditions are perfectly matched and the 

electrons enter at the proper location, the beam will still be somewhat 

thicker tnan the Brillouin value. Two of tne factors which contribute to 

this behavior are imperfections in the gun system and initial velocity 

effects at the cathode. The effect of tangential emission velocities was 

analyzed in Chapter IV and found to produce significant broadening of the 

beam. In addition it causes the beam to become "fuzzy" such tnat space- 

charge densities near the boundaries are less than in the center of the 

flow. Such characteristics are typical of the beam profiles indicated 

by the experimental investigations. Although the undulation of a beam 

can be minimized by the proper match between the gun and interaction 

regions, the presence of initial tangential velocities makes it impossible 

to achieve exact Brillouin flow from any electron injection system. 

There is yet another factor which influences the shape of the 

apparent beam profile. This is the emission of secondary electrons from 

any surface which is bombarded by primary electrons. Figure 7*28 compares 

the linear current density distribution in a Brillouin beam with a profile 

which is typical of the experimental observations. The secondary electrons 

released from one wire are capable of moving to higher potential wires. 

Thus if a Brillouin beam strikes the grid the net current reading of the 

lowest potential wire will be reduced due to its loss of secondary 
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electrons.     Similarly tae uppennost wire which is  struck by the beam will 

eject    'T-ondaries which move through the beam boundary and arrive at 

wires  :•■ 'a^cd outside of the space-charge flow.    The secondary currents 

reaching e wires would imply a beam width greater than the actual 

value.    They would also impart a rounded shape to the apparent beam 

profile as determined from the current interception data.    Both of these 

cnaracteristics are typical of the experimental beam configurations 

described above. 

The results indicate that there are three principal reasons for 

the shapes of the beam profiles obtained from the experimental investi- 

gations.    Two of these effects (tangential emission velocity and improper 

beam focusing) are inherent in the  physical operating characteristics 

of the device.    The secondary emission effect, however,  comes about 

because it is necessary to intercept the beam in order to evaluate its 

characteristics.    Thus the measurement technique introduces a relative 

uncertainty into the beam profile calculations. 

7»^    Aperture System Measurements 

7.4.1    Description of System.    Figure 7.29 illustrates the basic 

aperture system design used for analyzing the electron beam characteristic! 

A small portion of tne beam passes through the O.OoU inch diameter open- 

ing in the aperture plate and enters the deflection region.    The motion 

of the electrons in this region is dependent on their initial velocities 

and the voltage difference between the two plates.    Measurements of the 

current reaching the deflection plate for various ^p values provides a 

means for evaluating the velocity distribution of the incoming electrons. 

The proper interpretation of the data also allows the determination of 
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the average space-charge density.    A more detailed discussion of the 

effect of the grid wires on the electron trajectories and of the measure- 

ment capabilities of tne aperture system are presented in Appendix F. 

7»^.2    Space-Charge-Density Measurements.    The determination of 

the average space-charge density at a given location requires a knowledge 

of the average electron velocity and current density passing through the 

aperture.    The z-component of current density can be determined from 

the total current reaching the deflection plate and is given by 

<J > z 
. ^ (7.8) 

where <J > = average current density passing through the aperture; 

I   = total current reaching the deflection plate, and 

A = aperture area. 

<J > is related to the average space-charge density (<^)>) and z-component 

of velocity (•^z>) by the equation 

<J > = <p> <z> . 
z (7.9) 

The data obtained from the aperture system measurements would provide 

the necessary information for calculating <z> and thus would lead to 

the evaluation of the average space-charge density. However, as will be 

discussed a little later, there are some technological problems associated 

with the aperture system measurements which complicate the <z> calculations. 

A simple experiment was carried out to illustrate the importance 

of matching the fields and voltages between the gun and anode-sole region. 

The aperture system was positioned quite clot>e +o the gun exit pxane 

(approximately 0.050 inch away) and the beam leaving the gun was analyzed 

under both matched and mismatched conditions. For the matched situation, 
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V., V and V were selected so that there was no curvature of the 

equipotential lines In moving fron the gun exit plane into the anode- 

sole region. For these voltages the magnetic field was Increased until 

the current passing through the aperture was a maximum. When this 

condition Is reached it is reasonable to assume that the average velocity 

of the electrons is essentially only in the z-dlrectlon and can be 

approximated by 

<£> »  >/2TI cp , (7.10) 

where 9 is the space-charge-free voltage at the aperture location. 

Using Eqs. 7*6, 7.9 and 7.10 the <p> values for matched conditions were 

calculated and plotted in Pig. 7* 30*    It is apparent that the space- 

charge densities are quite close to the corresponding Brlllouln values 

for each magnetic field intensity.    It should also be realized that the 

presence of space charge causes the actual potential at the aperture 

location to be less than the value used in Eq. 7*10.    This means that 

<i> is smaller and hence the actual <Q> is greater than Indicated.    Thus 

it can be concluded that for the proper magnetic field the gun is capable 

of generating a beam whose space-charge density is approximately the 

Brlllouln value as long as the voltages and electric fields between the 

two regions are matched. 

The deliberate mismatch of the conditions at the exit plane 

resulted in the other curve Illustrated in Fig. 7-50'    Again B was 

selected for maximur I.  .    For this case the experimental points lie well 

below the Brlllouln curve.    This suggests that either the space-charge 

densities are reduced or the electrons have picked up appreciable y- 

ccnponents of velocity.    Since the voltages are definitely mismatched, 
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thls latter effect Is the more probable. This means that the <z> values 

are less than those Indicated by Eq. 7*10 so that the <^> values are 

greater. However, the beam is experiencing a rather sudden downward 

acceleration thus indicating subsequent nonlamlnar flow. This behavior 

is substantiated by the following discussion. 

Figure 7»31 illustrates the variation of deflection plate current 

as the aperture system is moved away from the gun exit plane. For the 

matched conditions the current which passes through the aperture (l ) 

varies periodically with distance. This is to be expected since the 

magnetic field and anode voltage were not properly selected to give 

Brillouin flow. There is a reduction in the 1 value at the second peak 
o 

as compared to the first maximum value. This can be explained in either 

of two ways: 

1. Since the anode-sole spacing has been increased from 0.128 inch 

to 0.188 inch to facilitate insertion of the aperture system, it is possi- 

ble that the O.O5O inch sole hats are no longer capable of confining the 

beam. In this case the beam would spread in the x-direction and hence 

would reduce the current density passing through the aperture. 

2. The thickness (i) may be increasing as the beam proceeds down 

the tube. 

Although the beam configurations encountered in the investigations des- 

cribed in Section 7.5 did not generally indicate increasing thickness in 

the z-direction, it is possible that with the increased anode-sole spacing 

the situation bas become more conducive to such behavior. It is felt that 

both of the above conditions exist to some extent and contribute to the 

reduction in current density. 

The current variation under mismatched conditions resulted in 

extremely large variations of I , especially near the two peaks. The 
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explanation for this behavior is that the mismatch conditions at the exit 

plane disturb the beam to such an extent that it undergoes extreme undu- 

lation in the anode-sole region. The undulation is so great that the 

electrons are capable of slipping around the aperture plate (either below 

or above it) and reach the deflection plate. Thus the peak I values are 

not caused by the electrons which pass through the aperture but rather by 

those which bypass the aperture plate. This is additional confirmation 

of the conclusion that the transition between the gun and interaction 

region is extremely critical in producing decent beam configurations. 

T.1».^ Analysis of Deflection Plate Data. Ideally the current 

intercepted by the deflection plate should vary with Ap as described in 

Appendix F and illustrated in Fig. 7*32. As Ap is decreased from large 

positive values, I. remains constant at I until the lowest velocity class 

of ' electrons is cut off and unable to reach the deflection plate. I, 
dp 

starte decreasing at this point and continues doing so until it becomes 

zero when the cut-off condition for the highest velocity electrons is 

reached. 

Unfortunately, the application of this procedure to measure the 

characteristics of an electron beam encounters some complications. The 

relatively small dimensions which eure required force the Ap values to 

become negative in order to cut off any electron entering with an angle 

B >  -45°. Thus the electrons which strike the deflection plate when 

Ap < 0 cause the emission of secondaries which move across to the aperture 

plate rather than returning to the deflection plate. As Ap changes from 

positive to negative, I. decreases abruptly to negative values. The 

magnitude of the negative current is dependent on the secondary emission 

coefficient of the deflection plate which in turn is dependent on the 

cleanliness of the surface, the energy of the primary electrons, and the 
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angle at which they strike the plate. Some typical I. curves are 

Illustrated in Fig. 7* 33* The application of a graphite coating to 

reduce the secondary emission was found to he of very little benefit. 

Even though secondary emission Is present. It Is still possible 

to analyze the data and obtain qualitative results. For example, each 

curve In Fig. 7*33 reaches a minimum at some Ap value and then gradually 

returns to zero. The data can be Interpreted such that the region of 

Increasing I. corresponds to that Interval In which the various velocity 

classes of electrons are being cut off. 

The shape of the I. vs. Ap curve is dependent on the character- 

istics of the electrons which pass through the aperture. The analyses of 

Appendix F indicate that there are three situations which are particularly 

Interesting. 

1. The electrons pass through the aperture with the same energy 

(qSP ) but at different angles (9). Each 9  class of electrons requires 

a different ZKp value in order to be cut off. The relationship is expressed 

by the equation 

Bin d „   C    ±*Jl +  (ap/«PJ • (7-11) 

2. Electrons enter with different energies but in the same direc- 

tion. Equation 7*11 applies here also but for this case 9 is fixed and 

each q) class of electrons requires a different Op  value for cut off. 

3. Electrons pass through the aperture with a distribution In both 

energy and direction. 

Although this last situation probably is closest to the actual physical 

conditions inmost cases, the complexity of the required measurement system 



FIO. 7.53 

B-352 

RBSÜLTS OF I      VARIATIC» WITH ^p FOR VARIOUS 

MAdBTIC FIKUB.    (Y    « -l600, Vf = -JOG,  z = 0.05-) 

J. 33> 



precludes its investigation at this time. Consequently the experimental 

data will be analyzed on the assumption that either one of the first two 

conditions exists as the electrons pass through the aperture. 

Consideration of Fig. 703 In. more detail makes it possible to 

compare the results when there is only an angular distribution of electrons 

(£9) with those when there is only an energy distribution (^P0)> For 

B » 588 gauss, the assumption of uniform energy requires that the electrons 

pass through the aperture with angles varying from 9    = 0° to 9 » -14°. 
1        2 

These angles correspond to the points labeled 1 and 2 on the curve.  If 

It Is assumed that the electrons all enter with 9  ■ -7°, the resulting 

energies fall between <p  • 680 volts and 9  = 585 volts. Thus even 

with the relatively sharp break of this particular curve the corresponding 

energy difference Is nearly 100 volts which is rather large. For most 

of the data the difference In energy would be even greater thus suggesting 

that the angular distribution of the electrons at the aperture is a more 

reasonable explanation for the shape of the I. curves. 

The above results Indicate that the beam is noalandnar. However, 

It Is possible to calculate the average space-charge density of the 

electrons which pass through the aperture. This can be done by using 

the average angle at which the electrons enter, their average energy 

(^p >) and the total current passing through the aperture. For the 386 

gauss curve In Fig. 7*33 these values are <0> « -7°, <tp >  » 680 volts, 

and I > l.k2 x 10"* amp. Equation 7.9 can be written 

I 

*>   •   Ü   "   A(2n<%^/*coe<0>    ' (7-12) 
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where A = aperture area = 0.812 x lO"8 m2.    Using the above data  in 

Eq. 7.12 results  in <p> = 1.11 x 10'3 coul/m3 which is approximatexy 

half the Brillouin value of p    = 2.5J+ x lO-3 coul/m3. 

The same calculations can also be made for the other magnetic 

field conditions.    The results are illustrated in Table 7-1 which 

also includes the calculations based on the curves of Fig. 7*5^ and 

7.55.    The tabulated values of <p>/p    for Fig.  7.55 indicate that the 

flow is quite nonlaminar.    The incoming electrons are observed to lie 

within the angular intervals    -Ik0 < 9 < u0,  -19° < Ö < 59°, and 

-25° < 9 < 36°  for B = 5Ö8, 5,52 and 51? gauss respectively.    The 

lowest magnetic field condition results  in a beam whose average velocity 

is most nearly parallel to the z-axis (<ö> = p.?0)-    However,  the 552 

gauss situation results in the highest relative space-charge density 

{<0>/p    = l.l6).    The difficulty in interpreting the data comes about 

because changes  in the magnetic field modify the electron trajectories 

everywhere in the gun region.    Furthermore,  the extreme length of the 

gun also introduces certain nonlaminarities as indicated in Chapter III. 

In general, however,  the space-chargp densities are found to agree at 

least qualitatively with the results obtained in the earlier part of 

this chapter;  i.e., <Q>/p    calculations usually result in values some- 

where  in the range between 0.5 and 1.5. 

The space-charge densities calculated from the curves of Fig. 

7-5^ are of the same order of magnitude as the above results.    These 

curves also seem to follow a more consistent pattern as the magnetic 

field is varied.     In particular the average angle at which the electrons 

pass through the aperture  is observed to become more negative as B is 

increased.    These angles vary from -k0 at B = 258 gauss to -l6ö0 at 
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B = 315 gauss.    The results imply that the larger magnetic field values 

exert a greater downward force on the beam as  it leaves the gun region. 

Comparison of the 315 gauss curves in Fig.  7.33 and 1.5k indicates 

that the electrons leave the gun in a more negative direction for 

V = -1100 volts.    This behavior should be expected  since the change in 

V from -I6OO volts to -1100 volts results in the electron velocities c 

being smaller by a factor of only 1.21 whereas the electric field is 

reduced by the factor 1.46.    Thus the magnetic force  is increased relative 

to the electric force when V    is reduced to -1100 volts and the average 

angle changes from -7° to -I60. 

The results of Fig.  7*35  indicate <p> values wnich are greater 

than the Brillouin densities.    However, in contrast to the preceding 

data, the parameters for these curves were selected to optimize <^> and 

hence the values should correspond approximately with the maximum <p>/p 

values obtained from Figs.  7»33 and 7.5k.    This is essentially true since 

the <Q>/p    values in Fig.  7*35 vary between 1.05 and l.k2 whereas the 

maximum values in the preceding two cases were l.l6 and 1.2 respectively. 

The V_ and V   values in Fig.  7.35 were selected so that for each f c 

B value the ratio (V -V  )/B2 remained essentially constant varying only 

between 0.9 and 1.0.    Maintaining this scaling parameter constant would 

result in the sane trajectories and beam configurations in the gun region 

for each B value.    As the magnetic field is reduced it  is apparent from 

Table 7-1 that    <d> decreases.    This, of course,  is in direct opposition 

to the type  of behavior one would expect as B is varied.     However,  the 

apparent anomaly can be explained by referring to Fig.   l.yS which illus- 

trates the location of the equipotential corresponding to the focusing- 

anode voltage for the various cases.    As B is decreased the voltages are 
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also decreased so that the location of the equipotential in the anode- 

sole region is forced down toward the sole. Since electrons in crossed 

electric and magnetic fields tend to flow along equipotential lines, 

the lowering of the 9-/<P equipotential forces the beam in a more down- 

ward direction as it leaves the gun. This is the reason that <3> 

decreases as B and V are reduced. The results again emphasize the 

necessity of proper matching at the exit plane in order to reduce the 

undulation and nonlaminarity of the beam. 

The angular distribution of the electrons indicated by the experi- 

mental data appears to be rather large in same cases. In order to 

evaluate the AÖ intervals which might be expected for a given problem, 

the space-charge-free behavior of the electrons will be considered. The 

beam is assumed to be composed of identical trajectories as illustrated 

in Fig. 7.37. Thus at a given point (e.g.,A) the electrons will have 

directions distributed between the limiting values of ± 9 . 9    can be m        m 

obtained by solving the equations of motion which result in 

"   (S?   "   irjd-cos^t) (7.15) 

and 

Tfp Z 
a , .        ^ x        o z    =    -r-j (^„t - sin üj^t)  + —    sin co^t    , (7.1^) 

c CO) c 

where z    = (2T|a(p /d )1'2 is the velocity of the electron at  its minimum 

y-location.    From these equations the slope of the trajectory at any point 

is found to be 

dy (Wa/<to    - i ) 
tan    9    =   ^-    =   —T     ■   . sin a) t (7.15) dz (üü y + 4  ) c \i    st 
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vhich assiunes a maximum value at CD t = n/2   given by 

tan 0=1 m 

dBz 
 < 

(7.16) 

The thicimess for this bundle of trajectories can be written as 

co     V  dco o/ (7.17) 

Some typical values of the various parameters would be 

d    =    3-25 x 10"^, 

B    =    335 gauss, 

cp  = 143C volts, and 
a 

z  = 1 x 107 m/sec. 
o ' 

These values, which are those cf Fig.  7.14, result  in ö    » 14° so that 
m 

the trajectories passing through a given point may have an angular inter- 

val as large as £0 = 23J. Although the value of ^ iö dependent on the 

operating conditions, it is quite obvious that large values of £ß  would 

not be unusual. This beccmes especially true when the conditions at the 

exit plane are badly mismatched. 

Figures 7.38 and 7.39 illustrate the deflection plate current 

variations as the aperture system is moved along the z-axis. The first 

figure corresponds to the operating conditions of V = -1200, V. = -pOO 

and E = 293 gauss while the second has V = -1400, V = -500 and B = 313 

gauss.  In many cases the data is impossible to analyze and hence provides 

very little useful quantitative information. 

From Fig. 7.30 the average entrance angle of the electrons at 

the z = 0.20, 0.40, and 0.98 inch planes are calculated to be <ö> = -13°, 

-5° and -13° respectively.  Similar calculations for Fig. 7.39 result in 
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<e> values of -10°, 10°, 6° and 4° at z = 0.10, 0.2p, 0.50 and O.95 inch. 

In neither figure is there a discernible pattern to the experimental 

curves.  It is difficult to say much more than that the beam is quite 

nonlaminar and the electrons have greater dB  intervals at some z- 

locations.  As the aperture system is moved away from the gun exit plane 

the beam undulations become more severe especially if the matching con- 

ditions are poor. Such extreme variations of the beam also complicate 

attempts to measure its characteristics. 

70 Double Beam Investigations 

It was suggested by Gandhi3 that there would be certain advantages 

gained by operating with tvo thin streams rather than a single thick 

stream.  It is thus interesting to investigate the feasibility of forming 

tvo beams which are essentially laminar in the anode-sole region. The 

configuraticn illustrated in Fig. 7.40 was used to study the character- 

istics of the beams which are emitted fron separate cathodes located 

within a magnetically shielded enclosure. The cathode assemblies were 

isolated in order to allow each to operate at a different potential. 

However, this Isolation required a rather wide separation of the cathodes 

and hence complicated attempts to form reasonably laminar electron beams. 

The experimental investigations indicated that it was extremely 

difficult to inject simultaneously both beams into the anode-sole region. 

In particular, the focusing anode was observed to receive a significant 

amount of current under all conditions. This indicated that when 

conditions were favorable for one of the beams to enter the anode-sole 

region they were unfavorable for the other. Thus it was concluded that 

both beams could not be simultaneously injected into the anode-sole 

region without a portion of either or both of the beams being intercepted. 
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Thls behavior is indicated in Fig. 7^1 which illustratce the anode- 

sole region bean profile for V    =    -1)00 volts, Vf = -1000 volts and 

B « kOO gauss.    The total emitted current is 152 ma with the front and 

rear cathodes contributing $6 and )6 na respectively while the focusing 

anode is intercepting U5 ma.    The profile indicates that there is a non- 

uniform beam moving through the anode-sole region.    For every set of 

operating conditions investigated the results were essentially the same; 

i.e., I- was always quite large and the intercepted grid wire currents 

indicated the presence of a single beam. 

The above data indicate that the front cathode has greater emission 

than the rear cathode when they are operated at the same potential.    This 

is partially due to the fact that the front cathode region is subjected 

to a greater electric field intensity.    However, the extreme differences 

in the emissions indicate also that the front cathode is probably more 

active. 

Again the investigations point out very emphatically the sensitive 

nature of crossed-field electron injection systems.    That is, the achieve- 

ment of a gun configuration which is capable of forming a well defined 

beam from a single cathode is an extremely difficult task in itself. 

The possibility of developing a system capable of forming two beams from 

separate cathodes appears to be extremely unlikely.    This is especially 

true when the spacing between cathodes is rather large. 
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CHAPTER VIII.    SUM4ARY,  COMdUSIONS AND SUGGESTIONS 

FOR FURTHER STUDY 

8.1   Sumnary and Conclusions 

This dissertation has attempted to provide a better understanding 

of the space-charge flow in injected-beam crossed-field devices.    The 

investigations have been concerned with the problems associated with 

the formation of Jaminar electron beams and the experimental evalua- 

tion of the beam characteristics. 

It has been demonstrated that the achievement of Brillouin flow 

in a planar anode-sole region involves a unique beam location and thick- 

ness for a given set of operating conditions.    These restrictions resrlt 

in a limitation of the maximum perveance and electronic efficiency which 

can be obtained for the condition of laminar space-charge flow.    Further- 

more, there is also a limitation to the maximum convergence which the 

electron gun system can Impose on the beam.    The operating characteristics 

of various theoretical guns,  such as the Kino short gun, were investigated 

and found to be different in many respects from the Brillouin flow 

requirements. 

The Poisson cell investigations  indicated that the Kino gun did 

not behave exactly according to theory although the general beam 

configurations were essentially as predicted.    The major discrepancies 

fron the theory were the nonuniform emission of electrons from the 

cathode and the nonlaminar trajectories within the beam.    These results 

were also substantiated by the digital computer Investigations of 

similar Kino injection systems. 
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The digital computer analysis  of an abbreviated Kino gun indicated 

the possibility of achieving desirable  beams by modifying the  ramp 

electrode configurations.     In particular it was   /^served that  one  could 

achieve either laminar flow or uniform emission (although not simulta- 

neously) by changing the slopes of the ramp electrodes.    The attainment 

of uniform cathode emission and laminar trajectories simultaneously (if 

possible) would require modifications in the focusing anode configuration. 

The effect  of initial velocities on the electron trajectories was 

also evaluated by means of the digital computer program.    The results 

indicated that variations in the normal emission velocity component 

produced essentially no change in the electron trajectories although it 

did modify the time required for the electrons to proceed along the 

trajectory.    However, the consideration of tangential emission velocity 

components indicated a rather significant  influence on the electron 

trajectory.    In particular,  those electrons emitted with a negative z- 

component of velocity were capable of reaching higher potential regions 

than those reached by electrons emitted in the positive z-direction. 

Thus the tangential emission velocity components provide a mechanism 

whereby electrons can reach the anode of a cut-off magnetron.    For 

injected-beam devices these initial velocities are also responsible for 

wider beam configurations. 

The configurations which electron beams can assume in the anode- 

sole region of a crossed-field device were investigated under d-c 

conditions.    The establishment of irrotational flow was found to preclude 

the existence of certain configurations such as the scalloped beam 

pattern.    The condition of irrotationality also requires that the velocity 

slip across the beam always be given by dv/dn = CD .    Furthermore, the only 
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constant space-charge density bean which can exist is one whose density 

is everywhere equal to the Brillouin value. Thus for em undulating 

beam the thickness must be less at the higher velocity cross sections of 

the beam. 

The experimental investigations have resulted in numerous inter- 

esting observations. The volt-ampere behavior of the Kino gun was 

observed to follow very closely the pattern predicted by the Kino 

theory. The cathode emission was found to vary as (V - V ) /B for a 

fixed magnetic field. This variation was found to be valid over a rather 

vide range of magnetic field values. The average experimental cathode 

current densities were also found to be in good agreement with the theory. 

The inve> igations of the gross properties of the beam in the 

anode-e^le region indicated variations which were repeatable over dis- 

tances corresponding to the cycloldal period. In general the entire 

beam was observed to undulate with this period. In some cases the beam 

thickness was observed to remain fairly constant while in others it also 

underwent periodic variations. The average space-charge densities were 

found to have values in the range of 0.5 to 1.5 times the Brillouin 

densities. The beam thicknesses were generally wider than the corre- 

sponding Brillouin thicknesses and under no conditions did the beam 

assume a scalloped configuration. 

The beam characteristics in the anode-sole region were found to 

be critically dependent on the matching conditions between the gun and 

the interaction region. In addition to matching the voltages (and hence 

also the electric fields) at the gun exit plane, it is also necessary to 

match the beam which leaves the gun to the theoretical Brillouin beam 

which can be maintained in the anode-sole region. This requires that 
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the injection system form a beam whose thickness and location at the 

exit plane correspond to the Brillouin conditions and whose velocity 

variation across the beam is given by a) .    Deviations from any of these 

matching conditions will result in the undulation and nonlaminar behavior 

of the beam in the anode-sole region. 

The introduction of the aperture system allowed additional data 

to be taken for calculation of the space-charge densities in the beam. 

With the voltages matched at the gun exit plane, the magnetic field 

was varied and the average space-charge densities were calculated. These 

results were found to be in good agreement with the theoretical varia- 

tions.    However, when conditions were mismatched at the exit plane the 

beam experienced a large perturbation as it left the gun.    The beam was 

then observed to undergo large amplitude undulatory motion such that in 

certain regions the electrons were capable of swarming around the 

aperture plate and thus making the measurements invalid. 

The evaluation of the deflection plate current interception data 

as Asp was varied encountered some difficulties due to secondary emission 

effects.    However, by careful examination of the data it was possible 

to evaluate at least qualitatively the average direction of the electrons 

as they passed through the aperture.    The space-charge densities which 

were obtained from the experiments again indicated values in the range 

of 0.5 to 1.5 times the Brillouin values.    In every case, however, the 

beam appeared to be quite nonlaminar. 

In summary, these investigations have provided a becter under- 

standing of the space-charge flow in injected-beam crossed-fleld devices. 

The work has analyzed the limitations of various injection systems 

especially with respect to the achievement of laminar flow.    The Poisson 
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cell and digital computer investigations were compared and found to be 

In good agreement.   These results were also used to further the under- 

standing of the experimental results.    In general the experimental 

cathode current densities were found to be in agreement with the Poisson 

cell and digital computer results.    Furthermore, the beam configurations 

in the anode-sole region (see Fig. 7*9) correspond to the results 

predicted by the Poisson cell investigation.    Finally, the transition 

between the gun and the anode-sole region was demonstrated to exert a 

tremendous influence on the subsequent motion of the beam through the 

anode-sole region. 

6.2   Suggestions for Pürther Study. 

There are numerous areas of investigation which could be advan- 

tageously studied in more detail.    One possibility would be a digital 

computer investigation of the space-charge flow which results when 

electrons are emitted from the cathode according to a prescribed velocity 

distribution function.   Historically, the problem of determining the 

paths of electrons was first involved with attempts to obtain individual 

electron trajectories when space-charge effects were negligible.    Various 

analog systems were soon developed which allowed the solution of these 

relatively simple problems.   The next step was the solution of trajec- 

tories when space-charge forces were significant.    These problems were 

solved after the evolution of space-charge simulating analog systems, 

such as the Poisson cell, and by various digital computer methods. 

However, the solution invariably required c     ain assumptions at the 

cathode such as space-charge-limited emission with zero initial velocities. 

These are the types   of problems which have been handled in this dissertation. 

However, it was indicated in Chapter IV that the presence of initial 
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emission velocities causes a change in the electron trajectories. 

Since thermionic emission involves electrons leaving the cathode with a 

distribution of initial velocities, it would be extremely valuable to be 

able to consider such initial conditions. This would allow a more 

accurate representation of the thermionic emission phencoenon and thus 

would provide a better opportunity for understanding the experimental 

observations. At the present time a digital computer program based 

on the Monte Carlo technique seems to offer a possibility for handling 

the problem. 

The experimental investigations described in Chapter VII could 

be extended in several different directions. One Immediate possibility 

is the redesign of the Kino electrode configuration to allow grid wire 

measurements in the gun region. This would provide information con- 

cerning the uniformity of emission from the cathode as well as indicating 

more about the beam configuration in the gun region. 

The abbreviated Kino gun described in Chapter IV would prove an 

interesting experimental model to investigate. Since the digital com- 

puter studies indicated such highly desirable characteristics, it would 

be important to evaluate whether the true behavior is that good. The 

matching of conditions at the exit plane would be especially interesting 

to investigate. 

Finally the insertion of an r-f structure in the anode-sole region 

would allow the investigation of the beam characteristics when subjected 

to the presence of a propagating r-f wave. This would provide a great 

deal of useful information concerning the response of the beam when 

interacting with an r-f wave. Such knowledge could lead to improvements 

in the operation of crossed-field devices. 



APPENDIX A. BRILLOUIN ANALYSIS 

Figure A.l illustrates an electron beam moving through the planar 

anode-sole region of a crossed-field device. In regions 1 and 3 Laplace's 

equation 

T2^ (y,z) = 0 (A.l) 

must be satisfied while in the space-charge region 2 the potential dis- 

tribution is given by Poisson's equation 

*% (y,»)   -  xb*1   • (A.2) 
o 

The condition of rectilinear 1 «ml nur flow requires that the electrons 

have only a z-component of velocity.    The transverse electric and mag- 

netic forces acting on the individual electrons will be balanced if 

i    -    *^t    . (A.}) 

Conservation of energy also requires that 

z    -     TUT Vq)   , (A.4) 

where the electrons are assumed to have originated from a zero potential 

cathode with zero initial velocity. Combining equations A.3 and A.4 and 

integrating gives 

2 

'   "  in (y+ ci)8 ' (A,5) 

where C    is a constant. 
i 
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The electric field can thus be written as 

s 

The electric field must be continuous across the lower boundary of the 

beam which results in the equation 

1     i 2TJ     a 

This yields C ■2a where a is the distance fron the lower edge of the 

beam to the sole. 

The potential and electric field in the beam can thus be written 

8 

f - ^ (y * 2a)2 (A.8) 

and 
8 

to 
Ey - - -^ (y + 2a)  . (A.9) 

Using this value of q) in Eq. A.2, results in the Brillouin space- 

charge density as given by 

P0 " - f % • (A.10) 

This density is only a function of the magnetic field. 

Prcm Eq. A.3 the velocity becomes 

z    =   a)   (y + 2a) (A.11) c 

which leads to the current density expression 
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3 

J      =    p z    =    - -2-2- (y ^ 2a)     . (A.12) 
Z M 

The total current carried by the bean is given by 

y=i / 3 

J2 dy   =   h       /     -^p (y + 2a) dy |       (A.15) 

y=0 0 

i^iich upon integration becomes 

3 
h   €   O)        /     2 \ 

I    -    —^  (^ |- * 2al j    , (A.1U) 

where h is the width of the beam in the magnetic field direction. 

These equations provide a complete description of a rectilinear 

Brillouin beam located at a distance "a" above the sole of a planar 

crossed-field device. 



APPHfDIX B.    DETERMINATION OF ELECTRON TRAJECTORIES BY THE 

USE OF A FOISSON CELL AND ANALOG COKPUTER 

The determination of an electron trajectory requires the simul- 

taneous evaluation of the equations of motion and Polsson's equation. 

The ballistics equations are solved by an analog computer vhlle the 
32 

effects of space charge require the use of a Polsson cell    .    The 

complete system Is Illustrated In Fig. B.l. 

The electrode configuration Is applied to the Polsson cell 

with conducting silver paint.    The various electrodes are then connected 

to the appropriate voltages to produce the space-charge-free potential 

distribution In the cell.   The space charge Is simulated by the Injec- 

tion of currents Into the matrix of dots located on the underside of 

the Polsson cell.    The electric field acting on an electron at any point 

Is determined by a four probe system which measures the voltage dif- 

ferences In the y-and z-directions.    The analog computer uses this 

information to solve the ballistics equations for the electron motion 

thus providing a series of trajectories.    From a given set of trajectories, 

the space-charge distribution is determined and the corresponding   currents 

are injected to simulate the conditions for the next run.    The process is 

continued until a self-consistent solution is obtained whereby the 

space-charge distributions for two successive runs are nearly Identical. 

The electron ballistics equations for crossed-flelds are 

Ö--'[v'£] <-) 
.260- 
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ond 

y--^'.-^] (B.2) 

and cem be solved on an analog Computer. In ccmputer notation these 

equations take the form 

i dT8 
C A V - C Z 
i  y  2 

(B.3) 

dT8 
C A V + C Y . 
i   z   a 

(B.if) 

T Is computer time while Y, Z, Y, and Z represent amplifier outputs which 

are proportional to the electron's position and velocity at a given Instant. 

b , C , and C are appropriate scaling constants while A V and A V 
ii2 y     z 

represent the difference In potentials of the four probes In the y-and 

z-directions. 

The circuitry required for the solution to this problem is Illus- 

trated In Flg. B.2. This flow chart can be separated Into five basic 

sections, three of which are necessary for determining the trajectories 

and two which give an indication of the system accuracy. 

The operation performed by each section is fundamental but simple. 

The voltages picked up by the four probes as they move across the surface 

of the Polsson cell are first fed into the unloading amplifiers. These 

signals are then transmitted tc the gradient circuit wherein the magnitudes 

of the electric field components are determined. These components and a 

constant magnetic field are simultaneously fed into the ballistics circuit 

which solves the equations of motion and determines the velocity and posi- 

tion of the electron. 
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The position signals are transmitted to the servo-mechanisms 

which control the y-and z-motion of the probe carriage on the 205 K 

variplotter. The probes are thus moved to the correct position at 

which the voltages are picked up and sent into the unloading amplifiers 

to ccnplete the operating cycle. The entire process is continuous with 

all operations occurring simultaneously and results in the trajectory 

plots illustrated in Chapter III. 

The voltage circuit determines the average voltage of the four 

probes which is then fed into the error circuit where it is compared 

with the voltage equivalent of the electron velocity. The difference 

between these two voltages is a direct measure of the error accumula- 

tion during the trajectory. When the system is operating properly the 

error is less than one percent. 



APPENDIX C.    THEOHY OF THE ABBREVIATED KINO SHORT GUN 

Figure C.l lllufjtrates the theoretical Kino short gun trajectories 

and the equipotentials which exist outside of the space-charge region. 

The relations between the normalized parameters (Z,Y,<I>) and the actual 

quantities  (z,y,(p) are given by 

Z     =     -^Z     ; (Cl) 
C   O) o c 

y    =    —^Y    , (C.2) 
€  O) 

O   C 

and 
nJf 

<p   =    --*-♦    . (C.5) 

o c 

It is assumed that the normalized cathode width of W =  3 corresponds to 

an   actual value of w = 0.100 inch.    Thus specification of the magnetic 

field determines both the cathode current density J    and the voltage 

ratio cp/*.    If B =  300 gauss, the constant J   becomes O.628 amp/cm   and 

the normalized focusing anode voltage of * = 25 corresponds to an actual 

value of (pf «= 2650 volts. 

The theoretical gun is terminated at plane B-B as indicated in 

Fig. C.l.    This eliminates the difficulties associated with the theo- 

retical infinite space-charge density at the a> t ■ 2J( point along a 

trajectory.    At the top of the exit beam 

a> t      =    280, 

c + 
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and 

(p  « 2000 volts 
+ 

p  = 1.2 p 

while on the lower boundary 

a> t 
c • 

9 

and 

242° , 

1690 volts 

0.7^ p0 . 

The anode-sole region illustrated in Fig. C.2 has been selected so that 

the Brillouin beam which is compatible with this region matches the 

above conditions as closely as possible. The location of the Brillouin 

beam above the sole is given by 

a = 
n J 

3 

o c 
(IF)'* ■ (c.M 

-4 
Using the theoretical beam thickness i = 4.5 x 10  meter obtained from 

Fig. C.l, the above equation can be solved to give 

a = 2.28 x 10" meter . 

The potential variation in the Brillouin beam is 

9    =    ^L (y + 2a)S 
(C.5) 

so that at the upper and lower boundaries 
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9  ■ 1990 volts , 

and 

« 1660 volts . 9 

Thus the beam thickness and potentials are nearly the same In the two 

regions. However, since the space-charge density In the theoretical 

Kino flow Is not uniform there Is a discontinuity In p and hence also 

In the electric field between the two regions. This Is characteristic 

of the Kino electron beam and cannot be avoided. Thus the above pre- 

scribed matching conditions are about as good as can be expected between 

a short gun electron beam and Brlllouln flow. 



APPHIDIX D. ^SUCTRGH NOTIOV IM A FOT9TIAL MINIMUM REGION 

The effect of Initial Telocity on the motion of an electron 

through a prescribed potential ■Inlimw region can be easily evaluated. 

Consider the voltage In the potential «l nimm region to be given by 

9  -  v. * f —^T/S (y,,, - y)4/8 . (D.l) 'n 

vhere 9 Is aseuned to be Independent of the z-coordinate. Under these 

conditions the z-ccvpooent of the Lorentz force equation becomes 

dt 

vhlch upon Integration yields 

z   -   a>c y + z0    . (D.3) 

The electrons are assumed to be emitted from the cathode with an Initial 

velocity v vhlch can be written as 
o 

vo " yo + Äo " ^ 'o • (D>) 

Conservation of energy requires that the velocity at any point satisfies 

the equation 

v  - y ♦ z  - 2n (9 + 90) • (D.5) 

Thus at the potential Minimum 

*m   -   Vm + "o (D-6) 
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■     . 

St 2 
y + z  = 2n (9 + ® )  . . (D.7) 

The problem will now be to determine the direction In which an electron 

of Initial energy cp can leave the cathode and still be capable of reaching 

the potential minimum plane. 

Those electrons which are barely able to arrive at y = y must 

have y = 0 so that Eqs. D.6 and D,7 can be combined to give 

zo = ±  V2T, (^ 7 q)o) - a)cym . (D.8) 

For the problem considered in section 4,3, 

and 

q)  = -O.05 volt m 

.s 
y  = 1.71 x 10  meter, m 

Assuming the temperature of the cathode to be 1100oC, which corresponds 

to a voltage of (p =0.12 volt, the initial thermal velocity is 

v » 2.05 x 105 m/sec. Substituting these values into Eq. D.8 results 

in 

]  •    / -1.66 x 105 m/sec. 
o    s   \ +1.4Ö x 105 m/sec. 

which defines the limits of the possible emission angle given by 

z 
sin 0 = ^ . (D.9) 

o 

Evaluation of the above equation indicates that those electrons emitted 

within the angular Interval - 560 < 0 < 46° are capable of traversing the 

potential minimum region. Any electron which is emitted in a direction 
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outslde of the above Interval is rejected and returned to the cathode. 

Electron« which are emitted with o> 0.12 volt have a wider 9 interval 

for which they are able to reach the y - y plane« 

The mlnlnmiB initial energy which an electron must have to reach 

the potential wlnlima it 0.09 electron volt: which is the value of 

|« |. However, any electron which leaves the cathode with this energy 

can reach the v. plane only if it is emitted in the optimum direction. m 

The velocity corresponding to q> - 0.0? volt is v ■ 1.33 x 10s meters/sec. 

and from Eq. D.8 z - 0.90^ x 104 meters/sec. Thus the angle at which 

this minimum energy electron must leave the cathode is Ö ■ - 8.3*. The 

general expression for the critical angle can be obtained by placing 

9 ■ |q> j, and using Eqs. D.8 and D.9. The result beccnes o   m 

(D y c^m '1,,9cr. - • r,: •m c-10) or. (snkjF 

from wiiich it is obvious that the critical angle depends on the potential 

minimum voltage and location as well as on the magnetic field. 



APPENDIX E. AVERAGE SPACE-CHARGE-DENSITY 

CALCULATIONS FROM EXPERIMENTAL DATA 

Figure E.l Illustrates a typical electron beam configuration In 

the anode-sole region of a crossed-field device. Several methods will 

be used to estimate the average space-charge density in the beam at 

various z-positions. The following notation will be used: 

9 = voltage at any point, 

cp  ■ anode voltage, 

I = total beam current, 

I. = current intercepted by the Jth wire, 

d = anode-sole spacing, 

i ■ beam thickness, 

h = beam width in the x-direction, 

b ■ distance from anode to upper beam boundary, 

a = distance from sole to lower beam boundary, and 

D = grid wire diameter. 

There are numerous ways of interpreting the beam interception data and 

some of the more obvious possibilities will be considered here. 

Case 1: For this situation the current density at a given wire location 

will be evaluated from the current intercepted by that wire 

I, 
•^ = v£ • (E-l) J    hD 

Combining this result with 

Jj  = PJVJ (E.2) 
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results in the space-charge density 

^ P.    =     =±=    • (E.3) 
J hD^2r\(p. 

However, use of Eq. E.5 to calculate p. generally results in values much 

smaller than expected. The principal weakness of this method is the fact 

that it ignores the potential of the wire. As mentioned in the text, the 

current intercepted by a given wire is not only a function of the current 

density in the beam but also of the potential difference between the wire 

and corresponding beam location. 

Case 2: The voltage in the beam is assumed to be only a function of the 

y-coordinate at any cross section. Poisson's equation can thus be written 

dy       o 

If p is assumed constant across the beam, then it can be written as 

P = - f (<P; - <?:) , (E.5) 

where «p1 = d<p/dy and the (p1 and <p'  refer to the values at the upper and 

lower beam boundaries respectively. These values can be determined by 

plotting the voltages on the wires as a function of y and measuring the 

appropriate slopes of the curve. 

Case 2; The continuity of current equation can be written as 

y=i 

/   pzdy (E.6) I = h 

y=0 

which must be valid at any z-cross section.    The following assumptions 

are then made: 
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1. p = constant across the beam, and 

2. z varies precisely as In Brlllouln flow so that 

z   - a)c(y + 2a) . (E.7) 

Under these restrictions Eq. E.6 becomes 

I 

I - hpa)c  T (y + 2a) dy (E.8) 

which is integrated to give 

Case jf: The same assumptions are made as in Case 3 except that p Is no 

longer considered constant across the beam but rather is assumed to vary 

p - p sin 2^ . (E.10) 

This implies a marl mum density at the center of the beam (y ■ i/2). On 

this basis Eq. E.6 becomes 

i 

I » hp^  i    (y + Sa) sin Ä ^        (E.ll) 

which results in 

m hco /(i + Ha) 
I . (E.12) 

c 

Thus p is x/2 times the result given by Eq. E.9. Any one of the pre- 
m 

ceding methods could be used to obtain qualitative values of 
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spacf»-charge density fron the experimental grid wire interception data, 

The values obtained in Chapter VII were calculated by the methods des- 

cribed in cases 3 and 4. 



APPENDIX F.     INTERPRETATION OF THEORETICAL 

APERTURE SYSTEM BEHAVIOR 

Figure F.l illustrates the trpjectory of an electron as it moves 

oetween the grid wires and passes tnrough the aperture into the deflec- 

tion region.    A space-charge-free Poisson cell analysis of the motion 

was performed in order to evaluate the effect of the aperture plate and 

grid wires on the electron trajectory.    The design voltage for the 

aperture plate is cp   which is intermediate between the potentials of 
i 

the two wires which are located above and below the aperture. As q> 

was changed by t  10 percent, the trajectory angle (9 ) of the electron 

at the aperture plane was found to differ by less than one degree from 

the q) case; i.e., for a design value of 500 volts the aperture plate can 
i 

be operated between 450 and 550 volts    without significantly changing d . 

The reason, of course, is that the grid wire potentials provide the 

correct electric field for the electrons until they pass the grid wires 

plane.    Beyond this plane the electrons experience some effect due to 

the aperture plate.    However, the distance between th? grid wires and 

the aperture is so small and the electron velocity so great that the 

electrons reach the aperture plate before any significant change in tra- 

jectory can occur. 

Tnis behavior has also been verified analytically by considering 

the electron to experience zero E    in the region between the grid wires 

and the aperture and comparing this trajectory with that obtained when E 

is the usual value  in a planar crossed-field region.    The trajectories 

for each situation were found to be essentially the same (less than k 

-278- 
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9   B 

GRID WIRE 

APERTURE 
PLATE 

DEFLECTION 
PLATE 

+2 

FIG.  F.l ELECTRON TRAJECTORY IN THE DEFLECTION REGION 

OF THE APERTURE SYSTEM. 
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degrees difference in & )  thus indicating that the aperture plate does 

not distort the motion to any great extent. 

The motion of the electron in the deflection region can be analyzed 

by again referring to Fig. F.l. The electron is assumed to pass through 

the aperture with a kinetic energy mv^/2 ■ |q|(p and at an angle 9 with 

respect to the z-axis. The aperture and deflection plates are biased 

at potentials q> and 9 respectively. The ballistics equations in the 
12 

deflection region can be written as 

5^ - -v (Fa) 

and 

3j£   +cDcy    , (F.2) d2z _ 
dt?    "      L 

where Ap > $ - <p and L is the spacing between the aperture and 
2   1 

deflection plates. The kinetic energy of the electron at any point 

along the trajectory is given by 

iz ty2   = i* + y^ + 2Ti((p - qO  . (F.3) 

The above assumes that the energy of the electron is conserved during 

its motion through the deflection region. As the electron reaches the 

deflection plate, Eq. F.3 becomes 

Z* +^ » 2T,(po = z* +y^. 2n*)  , (F.M 

where z. and y refer to the velocity components at z = L. Under cut- 
li     L 

off conditions the electron trajectory is tangential to the deflection 

plate so that z- « 0. Integration of Eq. F.l gives 

yL . -a>cL + yo , (F.5) 
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which when ccxobined with Eq. F.4 results in 

yo    =   ü)cL   ±   >/^((po + ap) (F.6) 

and 

zj    =    - (a) L)2 - 2T)^p ? ao L   >/2Ti(q)    + 55     • (F-7) 

The above indicates that an electron entering the aperture with energy 

eg)    and angle 9  will be cut off when Ap reaches a value given by 

ü> L      ^__ 
sin 0^ =   C   ± ^1 + Ap/q)  . (F.Ö) 

Thus there are some ^cp.Tvalues which are capable of cutting off electrons 

which enter in both the 9    and 9 directions. The double sign occurs 
+    - 

because those electrons which enter with 9 > 9 (where sin 9 ^^--c +       m m 

=   cu L/ •j2Tfp    ) can be prevented from reaching the deflection plate only 

if they are forced to curve in a counter-clockwise direction whereas 

those electrons which enter witl    9    < 9    undergo clockwise rotation as 
m 

£sp  reaches the cut-off condition. Consequently the Ap values within a 

certain range are capable of cutting off two classes of electrons corre- 

sponding to 9 and 9 .  Figure F.2 illustrates a 9 vs. Äp/(p plot for 

typical operating conditions. 

In reality, however, things are more difficult than suggested by 

the above discussion. The difficulty arises because in general neither 9 

nor qp is known for the electrons entering the aperture. Thus it is 

necessary to make some assumption concerning one of these two quantities. 

If either 9 or cp is known it is relatively simple to determine the other. 

For this reason it will be helpful to consider separately the situation 

in which electrons enter in the same direction but with a velocity distri- 

bution and that in which they enter with the same energy but in different 

directions. 
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Case 1. The electrons pass through the aperture in the same direction. 

The problem can be considered for any arbitrary direction although the 

analysis is simplified If 9  is selected to be 0.  In this case the rela- 

tionship between the entering velocity and the cutoff Ap value can be 

written 

£o s (a>cL)2 " 2Tl ^P • (F.9) 

The incoming electrons are assumed to have a velocity distribution given 

by n(z ) which is the number of electrons per second per unit area 

passing through the aperture with a velocity z . The total current 

carried by the electrons Is given by 

"B 

/n( z ) q A dz  , v o' ^    o ' 
(F.10) 

where  A ■ aperture area, 

z  ■ lowest velocity of the entering electrons, and 

z  ^ maximum velocity of the electrons. 

The entire current will reach the deflection plate until ^p becomes small 

enough to turn back some of the electrons. As up is  reduced the lower 

velocity electrons are cut off first. For any given Ap the current 

reaching the deflection plate can be written as 

'B 

/ n( zo) q A dio , (F.ll) 

where the lowest velocity limit is determined from Eq. F.9« Some of 

the more interesting n( z ) distributions will be considered below for 

a magnetic field of 26? gauss. 
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a. All electrons enter with the same z . Assume the electron^ 

enter with z « 1.19 x 107 meters/sec which corresponds to (p = UOO 
o o 

volts.  In this case it is found from Eq. F.9 that a cutoff condition 

will occur at Äp - -ySk volts. Figure F.5 illustrates the situation from 

which it can be seen that I drops sharply to 0 at -364 volts. 

b. n(z ) « N for z. < z < z«. The case in which there is tne 
o A   o   B 

same number of electrons for each velocity is illustrated in Fig. F.^a. 

The velocity limits are selected to correspond to (p = 225 volts and 

©_ ■ 625 volts resulting in the cut>off conditions of ^p « -I89 and 
B A 

^m ■ -5Ö9 respectively. Using Eqs. F.10 and F.ll results in the current 
B 

expressions 

Io • N q A (zB - zA) (F.12) 

and 

I 
2 

N q A (zB - zo)  . (F.13) 

The graph of I /I vs. 4p results in a parabolic curve as illustrated 

in Fig. F.Ub. 

c. n(z ) ■ N sin [{1^ - z  /z_ - z.)jc]for z. < z < z_. The distri- 
O D O     D A A O £ 

bution is illustrated in Fig. F.5a indicating that there is an inter- 

mediate velocity for which n(z ) has the maximum value N. The current 

reaching the deflection plate for any ^q> value assumes the form 

The graph of I /I vs. ^q) is illustrated in Fig. F.^b where 
2 0 
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^o -^^-V (F.15) 

is the total current passing through the aperture. 

d.    n(z  )  = N exp {-k[z    - (zA + z_/2)J2)for z    < zrt < z_.    This 
 O O A- B A O B 

case (k = constant) has been included to indicate the great similarity 

to the previous n(z ) distribution. This distribution is plotted in 

Fig. F.6 along with the case (c) distribution for comparison. The two 

curves are fairly similar and thus indicate that the I /I vs. ^cp curve 
2' o        ' 

for the exponential variation should closely resemble the sinusoidal 

variation. The current reaching the deflection plate can be expressed 

in Integral form as 

■ 

/ " * A •" {-k [«o - (-^-r-2 ) J} ^o •     <F-16) 
The solution to this equation results in an expression for I involving 

the error function of [z - (z. + z_)/2j. 

Case 2; The electrons pass through the aperture vith the same energy. 

The energy of the electrons is given by mCy2 + i2)/2 = q 9 . For any 

given 9 the £tp  required to cut off those electrons entering at an angle 

0 can be calculated fron Eq. F.8.  In tne discussion that follows n{B) 

represents the number of electrons per second per unit area which pass 

through the aperture with energy q q> and angle 9. Thus the evaluation 

of the total current through the aperture results in 

e 

■/ 
n(9) q A do  , (F. 17) 

e. 
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n(0)     «    N sin 'I' JC       • (F.19) 

The distributioi is illustrated in Fig. F.7a.    The specific values of 

9    and Ö    determine the shape of the deflection plate current curve as 
A D 

illustrated in Fig. F.Jt.    This figure includes three cases: 

i. oA = o0, eB - 45°, 

2. eA = -25°, eB = 25°, and 
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where 9 and d      represent the extreme angles of the incoming electrons. 
A      B 

This integration is not as simple as it appears because of the two possi- 

ble solutions of Eq. F.Ö within certain ap intervals. Thus whenever 

0    > 9    the proper evaluation of Eq. F.l? requires integration along the 

9  vs. Ap/cp curve. The integration would thus be performed in two steps, 

the first having 9.  and 9 as limits and the second having 9    and d_. Am m B 

The same precaution must be used in evaluating the current reach- 

ing the deflection plate when a portion of the electrons are being cut 

off.    Under such conditions the current can be expressed as 

«B 

I      =     /n(9)q A d9    , (F.l8) 

9 

where 9'  represents either 9    or the positive angle associated with Eq. 
B B 

F.8. 

To illustrate the types of I curves expected for various 9. - 9_ 
2 AB 

ranges.consider the case where the angular distribution of elections in 

the incoming stream can be expressed as 
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FIG.  F.7a    DISTRIBUTION FOR ELECTRONS ENTERING THE 

APERTURE AT DIFFERENT ANGLES. 
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for the conditions B = 278 gauss, V = -1^00 volts, and q) « 596 volts. 

The 9  vs. Ap/9 curve for this case is illustrated in Fig. F.Tc and 

provides an explanation for the three curves. In the first case the 

curve drops off sharply because almost every ^p value cuts off the 

tvo groups of entering electrons as given by Eq. F.8. In the second 

case the curve decreases more slowly because most of the &P  values 

prevent only one 9 group of electrons from reaching the deflection plate. 

Finally the last case results in a rather slow decrease in I to zero 
2 

since each 9. < 0 < 0    requires a different Ap to prevent the electrons 

associated with that angle from reaching the deflection plate. 

It is quite apparent that a good picture of the 9  distribution of 

the incoming electrons, and especially of the 9 and 9_ limits, can be 
A     B 

obtained from the shape of the I    curve.    However,  the evaluation of 
2 

specific experimental data to arrive at a quantitative value for n(9) 

is generally not possible without further information. The difficulty 

is the lack of knowledge concerning the energy distribution of the 

electrons as they enter the apertur'. 
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LIST OF SYMBOLS 

A Area of opening in aperture plate. 

A Magnetic vector potential. 

a Distance between the lover boundary of the beam and the sole. 

a Normalized distance defined as a - a/d. 

B       D-c magnetic field vector with components 6,0,0 In the x-, 
y- and z-directions respectively. 

b       Distance between the upper boundary of the beam and the anode. 

b       Normalized distance defined as b - b/d. 

D       Diameter of grid vires used In the experimental vork. 

d       Anode-sole spacing. 

S       Electric field vector. 

y-component of electric field. Ey 

E t-component of electric field. 

E    , Electric field value in the anode-sole region. 

E    lt Electric field value at the exit plane of the electron gun. 

E Electric field within a Brlllouln beam. 
a 

H Hamlltonian function. 

h Beam width in the direction of the magnetic field. 

I Electron beam current. 

I Normalized current defined as I - nl/e a> d h. 
o c 

h 

h 

Anode current. 

I       Collector current, 
c 

I. .1    Deflection plate current, 
dp 2 

I.      Focusing anode current. 

Cathode current. 

I       Total current passing through the aperture. 
o 
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I Sole current. 

J Current density vector. 

J Cathode current density. 

J Experimei.tal cathode current density, average value. 

j Constant y-ccnponent of current density as used in the Kino 
y theory. 

J z-component of current density. 

<J > Average value of J  . 

K Beam convergence ratio defined as K = W//. 

L Lagrangian function,    (Also used as spacing between aperture 
plate and deflection plate.) 

L ^L' Experimental values of the period of an undulating electron 
beam. 

L Theoretical period for electron motion in constant crossed 
electric and magnetic fields. 

L ,L_ Average periods associated with the upper and lower boundaries 
of an undulating beam. 

/ Beam thickness (y-direction). 

i Normalized value of beam thickness defined as i = //d.    (Also 
used as the average thickness during one period.) 

m Mass of an electron. 

n Unit vector in the direction normal to the electron trajectory. 

n(z ) Velocity distribution of electrons passing through the aperture. 

n(ö) Angle distribution of electrons passing through the aperture. 

P Power. 

P_, The total power which is available in a Brillouin beam, 
br 

P The total power which is available in the beam at the caUiode. 

p Generalized momentum in the <L  direction defined as p.  ■ dL/dq. . 

q Charge of an electron. 

q. Generalized coordinate, 
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q. Generalized velcxiity. 

S Normalized current density defined as S e (c (U^/T^J o )J. 

t Time coordinate. 

U Normalized velocity defined as U = (c co /^J )v. 

u ,u Velocity components In phase space. 
y  * 

V Anode voltage with respect to ground. 

V Voltage difference between anode sind sole. 

V Cathode voltage with respect to ground. 

Vf Focusing anode voltage. 

V Sole voltage. 

v Vector velocity of an electron. 

V Cathode dimension In the z-direction. 

. 
x x-component of electron velocity, 

x Unit vector In the x-dlrectlon. 

Y Nozmallzed distance In the Kino theory defined as 

Y = (c o) /nJ )y. x o c' ' y7' 

y y-component of electron velocity. 

y Unit vector In the y-dlrectlon. 

y Distance between cathode and potential minimum, m 

y Initial y-posltlon of electron. 

Z Normalized z-distance in the Kino theory defined as 

Z " (V^c/^V^  ' "o^ 

z z-component of electron velocity. 

z Unit vector in the z-direction. 

z, <z>       Average value of z. 

z Initial z-position of electron. 

A<p Potential difference between aperture plate and deflection 
plate defined as Acp = q)    - 9   • 

2 i 
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e Dielectric constant of free space, 
o 

T) Charge-to-mass ratio of i_;   electron defined as TJ =  |q|/m. 

T)_ Theoretical electronic efficiency for a Brillouin beam. 

r\ Electronic efficiency. 

0 Angle variable describing direction of electron travel at 
any point, 

<9> Average value of 9. 

9 Critical angle of emission from the cathode in order for 
cr an electron to reach the potential minimum plane, 

9 Direction in which an electron passes through the aperture. 

5 Normalized distance defined as ^ = 2« - Y. 

p Space-charge density. 

<p> Average value of p at the aperture. 

p Brillouir.    space-charge density defined as p    =  - c T)B . 

.2   4 * Normalized potential defined as <1> = (c a) /TJJ )<?, 

* Normalized anode potential defined as <I>    = 2TI<P /ußd2. a a a    c 

cp Electric potential relative to the cathode, 

qp Anode potential. 

(p Auxiliary electrode potential. 

q)f Focusing anode potential. 

(p Potential minimum plane voltage.    (Also used as the mean beam 
voltage in Eq.  2.25.) 

Cp Voltage equivalent of electron energy at a specified point. 

«p > Average value of cp  . 

(p Aperture plate potential. 

(p Deflection plate potential,     (Also used as the potential 
2 in a Brillouin beam,  Eq.  2.1.) 

\|f Angle of trajectory for Kino flow defined as tan t = dy/dz. 

a) Cyclotron radian frequency defined as u)    = T]B. 


